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LA CRT existenceof maximal ideals na commutatingR

Corollary Let ME R be a proper ideal Then there exists

a maximal ideal M of R containing d

Proof Maximal ideals in R Be a maximal idealsM
of R containing de

Primeideals R ammutative ring

Def PCR ideal is prime if a be P aep or be P
Qbs We still don't know we have prime ideals

An equivalent characterization is

Propositi PER ideal is prime Mg is an internaldomain

Prof D is prime ab ED implies a c P or beP
Ila Tib o in My implies Ila o d Mb 0

here I R R
p

Rfp is an integral domain no zerodivisors b

Lemme A commutative ring R is a field its only if o R

are the only ideals in R

P f I E J R I o Pick x EI 304 then Fyst
Xy l so I R

e Pick X E R 304 consider I x ideal Then

I R 21 meaning Fy ER with I yx so XER D

Imprint M E R ideal is maximal Mm is afield

Pfl RIM is a field E o Rg are theonly
Lemme ideals in Mm



M

Since 3 ideals in My4 E's 3ideals in Runtaining
as

We conclude

RIM is a field the only ideals of R containing M

all M and R G M E R is a maximal ideal D

Corollary Every maximal ideal is prime

PH Fields are integraldomains

Example R Z 4107 P peg prime E are all the
prime ideals

Co is prime but not maximal
p is maximal for every p a prime

Reposition let h A B be a rime homomorphism whereA B

are commutative rings Let 9GB be a prime ideal

Then P F f E A is a prime ideal

A The statement fails for maximal ideals
Ed Z I Q q o is the only maximal ideal

but f o o is not maximal in Z

Pnd We know that f G is an ideal of A Lecturer

Given 9beltwith a be P we want to show a e P r be P

But teas feastlb E f I ka E f r Gb Ef
9primeHence ae D or be D
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2Primearvidance
Fix R commutative ring

Thorin Fix Pi Pu prime idealsof R let MCR

be an ideal with M C It Pi Then there exists

some jet in with d c Pg

Proof We will pron the contrapositive
d 4 Pj Kjv in d4 Q Pi Mine

avoidance
We argueby induction on n

The assertion is true fr n t

Assume u I that the assertion hasbeenverified for us
Thus fr i e i int we have

a 4 Pj In jest int lil R Y Pj
That is we can find ai ed with aid Dj tj i
We analyze 2 cases
i Now if ai 4 Pi for some i we are done sinceaid Pj
2 Onthecontrary if ai e Pi t it n we consider the

element a É a he Get an E d

For each i i in every summand of a except a 9,9 it an
lies in Pi as a ie Pi
Since a ai i 9 it i an 4 Pi as none of its factsare'm
then weandude a Pi ti ti n so d4 Pi



Thurent Let oh den be ideals of R Commutative

and P G R be a prime ideal
If I Aj E P then there exists l l n withde D

Prod We will show de 4 P te I de 4 P
By hypothesis we canfind a ee de'D te
Take a a an

a e de te
a 4 P p is prime I de 4 P

To prose the statement for the qualities weargue as follows

It f Mj D we know deep frame l

Conversely P I Aj E Me so P de B

slung Fix R to bea commutative ring
Def R is a loudring if it has only one maximal ideal

th R M when M is its uniquemaximal ideal

Example Every field is a local ring M o

R key
is local when IK is any field

Mxl idealsof R e next idealsof Ikex containing x

But IKEA isPID so any MC Kex maximal equals
f for some

Felkx inducible
But f1 3 so f x This is maximal in Mx

M Xx is the unique next idealof R
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R lk xD power sues in onevariable on IK

Claim R is aring
Qperations Componentwise addition digne by degree

Ei aux E be x E author x

Multiplication
If auxk E bex E Éo9ubn e

QWhy is R local
Clad Any GER with constant term to is intertitle

So any g e R is g x'a with a ER neo

Gum M x is the unique maximal ideal ofR

Prof_ofclaim Write f Eaux
uzo

with 9040

We build f term by term Write g E bnx with hg
This gives hobo t us bott

aibo taob 0 us b 9 a

a bo ta b tao bz o my bae aabgat
In general assuming bo bn havebeendetermined we have

Go but a but t t anbo 0 ms but aiburgant
We're computed bn D

Obs In our definitionof t in kex only finitelyzany operations
in IK were performed to getthe coefficientof x once u is fixed

Eg E Qubut ant by gave the x weff of t

The same idea will give us a ring structure on IKEx ringof
Laurent series GI aj xD aj elk tj N NEZ



Funexercise This definition of will not work for theabelian

sp Max xD II ajXJ aj elk HER

Because if it did t x x ti txt x't It t so

compare coff of x to get 1 0 D


