
 

Lecture Localrings ringof fractions 1210

Recall R ammutative is a local ring if it has a uniquemaximalideal

81Moreon localrings
Local rings can be characterized by their group ofunits

Import R is local if only it thesetof all non unitsof R is
an ideal of R
Pf Set I R R Assume R is local withunique
maximal ideal M Since MER wehave MEI

Gnarly if X E R R then X is aproperideal we can

find amyl ideal of R containing x Since R is local X EM
Thus R RX E M E R R gins M R R so R R
is an ideal of M

If M R R is an ideal then M is maximal

Any x M will be a unit so if 92M is an ideal with

X E D M we include a I R

Now if b is any proper ideal of R then be R R so

b em Thus M is the unique maximal ideal of R
Example R K Xy 3 hi go ta I tax 90,9 are 1k

Claim Fisa unit a a Elk 309

If Cao ta I azt both I bat 1

IIs bo as so go to

Gob t aibo 0 b a 95
Gob ta b t asbo o by as 95192 95ai

and R R x so it's an ideal Proposition Ris local
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Example Fix peke prime set

R fe 1PXbegcdla.b if lumalmemeEp
Claims R is a ring subringofQ

f f E R u

g tf aight
p t bi p tha pXb b

Piggy e aibath

Eta ER r

E ER f ER v

I E gig Ptbi PXba pXb b

Piggy c air

E IER
Mowrer RX 3 E 9 be 40 god19b a pXa pXb

R IR p PR is an ideal Risbral

Eking of fractions

Def Fix a commutative ring R S R Wesay S is a

multiplicity disedat it
i 04 S m otherwise localization gives asetwith 0 9

ii res
Ciii a b es abes

Equivalence relation u on Rx S

a s n bit Is'ES with s at bs o



Def The ring of haaf Rrelatisets denotedby
SR is the set Rx s

o with
Addition as b t at tbs St
Multiplication as bst ab St
Neutral elements O 0,1 I 1,1

Thinkof as on R s as G
Speciale R is an integral domain nozerodin'sres

Then S R log is a multiplicatively closedset
Then s R is a field called the fieldof fractions
Sometimes denoted by Quot R
a s 0,1 is intertitle as sa
Gato

Ex R Z Quot R 09 a b a E
Ca b n c d es I se 2 304 withscad be o

But 21 is a domain so ad be 0 since s 0

If m gotta b then me hen forces
n gcd dic

hen I ktm for k 2

In anchusin I 9pm É E
R Z x Quot R Q x 31 PQEQ

Q 0

Ahs paratanylefs
R ammutatise S setof nonzerodivisorsof R
Then S is multiplicatively closed



Def 5 R total ring offractions Quot R

Iwm polynnualstament polynomials
5 31 i if E kex is multiplicatively closed
Then S KEX HEX X

as bst x'lat bs o no

Again at 5 0 sites so sext text
so a bx'd Elk Ex if Kel

b axth Elka if lek

see Ike I

Idegmiraleample
R 2

62
25 31,494 malt closed

In SR 5 0 g FEES with 6 r i s o 0
to D

So 35 O YS ES 2 3 0

I 0 3 0 I 0 I 0

Claim S R 30 1 I HW

affected
Fix Rammutative ring S R multiflicatively closed

Ropoition We have a natural ring homomorphism

j R S R
a 1 at f class of 9,1



such that for every tes js f is invertible in 5 R

its inverse is f
Prof Definition of the ring structure on 5 R makes js a

ring homomorphism

E f because ta 1st Gt y

Lemme Ker js 3 AER F se S with sa o

PH js a g g a F se S sts i o 1 o iesay
Next westate theuniversalproperty satisfiedby 5 R

Theorem Fix B another commutative ring let h R B

be a ring homomorphism such that At ES f t EB is insatitle

Then there exists a unique ring homomorphism I S R B

making Io js L

Proof Wanttoshow R f B

s IE
set I g has fisj

Edified get Is'es with s at bs o

Then Ks Gia fit Gb Fis o

Bt flag fit Lb Ks
So f a f s b fit in B
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If E Fit atf hat tbs fist

tea fat t feb Ks his fit
Fca Ks Hb fits Flag ti t

I 15 5 Ez Kab Lists
Ka ta fess fits hastes fib hits
F g TLE

F i F t LCD fast I I
I
I

To js a T
q ha ha tea l l ha D

Nti All these constructions can bedone for modules modulesof

fractions relative to S an modules S M on S R build ourof
R modules M See HW


