
 



HIT If Ris Noetherian so is Rex

Hence Z x xis K x Xu an Noetherian foranyfieldIK

To prom this result we'll need the notionofNoetherian modules

tihmmtatÉ ring Man R module

Def We say M is Noetherian if it satisfies the ascendingchain
audition for submodules

Every chain of submodules MoEM EM E stabilizes
ie t l o at Me Met
We have the following analog ofThuram1

Thulin Fix R a commutative ring Mank module TF AE
C M is Noetherian

2 Every unempty set L ofsubmodulesofM has a maximalelement

Eury submodule ofM is finitely generated
withrestecttoindusim

The proof is exactly the same as that ofThem 1

Corollary2 Let O M Ma 5M o be a ses

F middles Then Mz isNoetherian ifandonly it M M are

Prof submodules ofM are submodules ofMariah
NEM aime fun g Ns E Ma submodules

g Ny mi me then Nz Semi glue by
surjectinty off

Pick N asubmodule of Ma then g N EM is a subm



So f N C Ma Ms Pick n use N with
1430

9 n hi f us Ms

Next take F Nn f Mi N EM submodule so

its finitely generated N 59 Ge
Then n's a fig n'se Life Nnhim nil i nd
Claim N G ni ins uh n'e

PfPick MEN so g n E g N m ins
That is g n a m t t as Ms 9,9in t assins

Slain t tasks 9 as ER

This means n a n as us E Ker g Imf so

n g n as us E N N f Mi ni inte
Conclude ne hi us uh he B

A c R is an R module Then R is a Noetherian R module

it and only if R is a Noetherian ring
e Recall Subrings of a Noetherianring neednotbe Noetherian
s A finite direct sum of Noetherianmodules is Noetherian

Hint Induct m the number of summonds use Corollary 2

4 M Noetherian R module SM is a Noetherian 5 R nod
I mult closedsetof R

Proposition Let R be a Noetherian ring Man R module Then

M is Noetherian ihr only if M is finitely generated ie

F x XeE M St envy x inM can be written necessarily

uniquely as x a x t tae Xi for 91 see ER



Prod G View M as a submoduleofM useThrown2
E As M is finitely generated eg M s xp exes we

hare R M morphism of R modules By the
ai ts ai xi

universal property of
RO.gg

we have a unique
l

Rf R M R time not st

jiffy
i I

ca ae IE ai Xi
Furthermore we get a ses of R modules fi

o Kent It I M o

But R is Noetherian so R is also a Noetherian

R module Again by Corollary 2 Imf M is Noetherian.D

Exactly RIK a field M K rector space
M Noetherian es dink Nco
R.lk Ex Noetherian ring since it's a PID

i
Milk x y is not a Noetherian R module
The R submodule generated by 31,9 y is not f f

M will be a Noetherian ring
An example of non Noetherian ring
Rs antennas valued functions m IR
Fu In I not nested chainofintervals with Falbo

an 31 E R I 4 to is an ideal in R
A E dz E d E is astrictly increasingchainof
So R is Not noetherian ideates


