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25 HilbertBasisThummaArtinianRings

Law discussed Noetherian modules Acc submodules are f g

Ie Proofof HilbertBasisTheorem

Artinian rings defined using descending chains

ssiHilbertBasis Thuren

Thorin If R is commutative and Noetherian so is Rex

Proof We will show that my idealof Rex is finitely generated

Let be Rex be an ideal For every fix ERex we let
L T f ER be the leading 4kt of f
Off ao ta Xt t aux with an O my LTI f an E R
We define LT O 0

Chaim d 3 LT t ft bl CR is an ideal

Pff i O E d since LT O o e o E b

e a LTC ell Fae R Feb Charitattoo
Otherwise aLT f LT at Ed Egix Efaapx

auto aan to
So LT L E d if Feb

3 LT f LT g E OE it LTU LTCg do

If LT f LT g we know O Ed so assume

TIF LTC S 0 both f Sto so they have a degree

We can assume dig t E dyg Then xt k f e f
ii é g e f
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so LTIG LT g I LTI x
tht g Ed

no cancellation occurs
since f

g Et
Since R is Noetherian we know d is f g by al ae

withaito.fiForeachjet l pick tj e bwith aj LT Gj

Let r max

je
dig Gj 30 Let M Rex be the

R submodule generated by 31 X X so M is the

set of polynomials of degree er Sime R is Noetherian M

is f g then M is noetherian

Now fr MCM is a submoduleof M so it's also finitely
generated say by Ibi bat
Chaim b bi ba fi he
Pf Pick he b If dig f er then be bnM hence

let a LTI G with deg t d e deg fi djtj

Thus gf Erj xd di fj e b a degg s diff
If dig her then g e fr M andwe are done Indeed

s t Erj xd di fj a b t t cube
so te Cbi ba fi he

If deyG r then dig g c dy f get By IN
g Ecb ba fi he so the same holds for L D



2 Artinian rings Definition firstproperties

Q Why study Artinian rings
AGeometrically Aitinian rings correspond to finite collections of fat
points lie points with multiplicities ÉÉhmiIÉmEm Ee

Definition Let R be a commutativering We
sagthattRisatiniantan

after Emil Artin it every descending chainof idealsdo 2 A 2

stabilizes ie I 130 with de bet DescendingChain
Condition

Ex R K field is Artinian

R Ike xu Ideals are lk subspaces dunk n

LemmonLet Y be un empty set of ideals in an Artinian ring
Thy has minimalelements with respect to inclusion

Proof Same idea as for Noetherian rings
Let do E Y If do is minimal we are done Otherwise wefind

A E Y with do 7 den As R is Artinian this process
must stop and we will arise at a minimalelement of L A

LemmerArtinian property is preserved under quotients byideals

PH Let a ER be an ideal and R be Artinian
Then I Rla is also Artinian since ideals in

I correspond to ideals in R antaining d

So the DCC for R yields the DCC fr R D

Imprint Let R be an Artinian commutative ring Then
A Every prime ideal in R is maximal
ii There are only finitely many maximal ideals in R



Prof C Let PER be aprime ideal Then typ is an

Artinian integral domain I by Lemmaz
Now that x E Ny 301 insiderthe descendingchain

of ideals in Rtp
x 2 x2 2 x

Since it eventually stabilizes I ka with X x

ie x y x fr y try
x t xy 0

As Rfp is a domain and x to we here I x y so

x is a unit
We conclude Hp Rp 109 so Mg is a field

This means P is amaximal ideal of R D

4 Let Y set of ideals that are intersectionsof finitely
manymaximal ideals of R

L t d since maximal ideals ofR exist lie in L

By the Artinian condition Lemma I L has a minimal
element a M A 1Me

Claim Maximal ideals in Rf 3Mi Me

PH Pick M E R maximal ideal then MAK E G
Mr M Ed By the minimalityof E we hose

d Mad so m n nm MA Min nMe e m
primeBy Prime Avoidance lecture o Fj st Mj EM

Since Mj M are botttieximal we have Mj M D


