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be Wedefined Ainian ring R as ringswith DCC
Equivalently Every non empty setof ideals ofR has a minimal element
QuotientsofArtinianrings are Artinian

Imposition.li Let R be anArtinian commutative ring Then

1 Every prime ideal in R is maximal

ii There are only finitely many maximal ideals in R

Property R Artinian andanintegraldomain R is a field
The proofofCi

Corollary Nilradical Jacob'son radical for Artinianrings
11 Pr 2HW8 11Pr8 HW

Aprimeideals A mxl ideals

EPEE The nilradical ideal NCR Artinian isnilpotent

ie I n o such that N o

Roof See HW9

Examples O 1K N o son7 IKCx
yn

N x soWto

TODAY Structure TheoremofArtinian rings
TX

Artinian local rings are Noetherian

Structure Theorem

Structure Theorem Geometric interpretationofArtinianRings

finitecollections of fatpoints
We will need thefollowing generalresult

Il Fix R a ammutatin ring and d be A be

to coprime ideals Then c d e t an coprime fi 31
Atb i

2 d b an b
In particular A b d n b fr all i 21



Remark Item z generalizes to a finite collection of pairwise

coprime ideals seeHw9

InololLemma Since It h 1 Fae be b with Kat b

l 1 fat b Eg j azi j j

so ifeng.it i 4 i
2 d f E d n b is always time

Forthe annum pick xearb

I atb so x ÉÉgÉÉyell't
b

From now on we fix R commutative Artinian ring

We lit My Me be the non ideal primeideals ofR

Note that maximal ideals are always pairwise coprime
By construction W M n nme is a nilpotent ideal so thatwithWILD

StructureTheorem with the above auditions mR l n wehave

R E Ry x x
Byu ring ismorphism

Mowrer each
Ryn

is Artinian and local withuniquenextidealMjg
Roof Since M Men are pairwisecoprime we canuse the CRT

ConsiderR 4 Bm n x x Mma where Tj R Ryu isK Tex Thelx thenatural projection



By construction Y is a ringhomomorphism

By CRT Y is surjective

Kerl M n nme y mi me s m metentig
Remark
Mi pairwisecoprime

holds
forammutatiserings

since M Me M n AMes W

Indium Y is a ring isomorphism

It remains to show that Ryn
is local tie jet

Let off Raju be a maximal ideal so it's prime

Then I is the image of P I 9 ER P is a

prime idealcontaining My

PbHw7 M E P M maximal P prince Me P
We conclude Mj P so if IT Mj Minn D

share
Imposition It R isArtinian and local then Ris Noetherian

Combiningthis Proposition withThe StructureThrownforArtinianrings
thefact that finite products ofNoetherianrings an Noetherian weget
Corollary Artinian rings are Noetherian haredimensimo

Prop i c

burns Nexttime

IPA Let M bethe unique maximal ideal of R

write k Rlm for the quotient We know k is a field
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Ite For each jzo the set Miggy is an R module lit's a

fount of R modules
Now M MJ E Mit so M MMI t

o This says

that MIjt is in fact an Rg module ie a k lectorspace

Claim R Artinian dunkMima co for all jzo

We'll see the proofof this next time

Assuming theclaim holds we will prove that R is Noetherian

Pick an ideal d of R Wewantto showde is finitely generated

We need to construct subspaces of Mima fwmeach j

For each jao we consider the ideal Mj On MJ ofR

Weconsiderthefollowing maps ofR modules

as MmIjn

Byconstruction t is R limar

Ker f dj n m it de amismi admit Aja
So I
Ig

I Mpg is injective R linear

New M
Oy

o Mmy so I canbe viewed as a k liner

injective map that is as an inclusion of vectorspaces

Eshort dog is a
k subspace of Miggy frat thus finitedimensional

by the claim
Since M o we have An o so we onlyneed to look at ja gui



Fr each j o in i with
ally

o we let 35,5 adj l be a

a k basis for Ogg with a agile y
To simplify notation

we sit 45 0 if
9g

o We'll use these bases to build ageneratingsetfora

Write B U 3 ai 9254j let de be theidealgenerated

byB so di is f g

Claim É d so de is f g

Byconstruction we have Ot Ed To prove the claim it's enough

to show Ej Mj fr all ja n where Ej de r Md fr all j
Taking j o will give Ot Oink to do An R d

Weshow of dj fr j a in by reverse induction n j

Base j en En In o since M o

Ihop Assume jon that the result holds forga
Notice that wehave the following inclusionsof ideals of R

Aj an mi z of anmit

É je Enmi z off oinmits
As above weconsider the ampstein of R linearmaps

Ej Mj ME
f is R

0

Ker f Ej n ait Ermin permit totnogn minmity
of nm it soft

By 1st isotherm weget an R linear injectionmap tidy Og
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As before M

Ajay
MAjay o so F is k linear

Using this we get an inclusion of k rectorspaces dig dog
Notice that the basis sap at E of Ajay

consistsof

left costs with representativesat in dj so this inclusion is an

equality Thus
ftp.tMatt

In particular dj e bij t Ajit I of
at
jt dj as we

wanted to show D

Nexttime we'll provetheclaim by showing

Lemma2 If R M is Artinian local then dim
p Mimi

so HjCommutative


