
 
27Lecture 27 ArtinianRings PrimaryDecomposition

Lasttime Discuss Artinian rings local Artinian rings
S_Thoum If R is a commutativeArtinianring then
1 R has finitely wary next ideals Ma Me N m n nme
2 R e Ry x x

Ryen
where NI o each

temp
isArtinian local

IF Attinian dimension 0 Noetherian H

Missingonepartoftheproof ofthistheoremLecture26fortrotArtinianringsie
Lemma2 If R M is Artinianaloud then dim

p MY t so Ajcommutative

PHWe view k Mm Mm it
ymjy

By2ndIsothmforrings

Claim Subspaces oral in mim it correspond bijectively to
ideation By it with I EmYmjH Majt I o

Why R Is Bmj I c Maj keep is alsoanRmodule ideal

So Mt's LI C T Imig gMi m
JH Mj JM emJH

J G mitlemj
meaning May annihilates I

Gurenely if J emJust Map J co thenTisa k module
so it is a subspace ofthe k vsp Mynjt

If dima Milpa o wecan find an infinite strictlydescending
chain ofsubspaces starting with acountable infinite leniar independent
set B L on no removing one such sector at a time
I k rn n i 3 Iz KC rn n z 2 3Ip kern in p p
Bythe claim this serena gives an infinite strictlydescendingchainof
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ideals onBy it annihilatedbyMmit
This cannot happen because Bmj is Artinian D

TODAY we will show the averse to a Theproofis basedon thenotionof

primarydecomposition I nexttime

Imagination
If 30 i d s are pairwise coprime idealsof a commutative ringR

then so are3ok 0 9 In each h i Mowrer d n nesta desk

In Let R be a commutative Noetherianring R ofdemo
that is every prime ideal ofR ismaximal Then R is Artinian

Key fat R Noetherian of dimension o R has finitelymanymxl
ideals say 3M Me MaxStec R setofmxlidealsofR

This will be shown by primarydecompositionof o in R later
We assumethis key fact to proseTheorem i Wemethe proofofthestructurethe
Proofof It Since dim R o we have N M n nme

By LemmaI Lecture26 M M AMe M Me Mi's an pairwise
coprime

R is Noetherian so N is a nilpotent ideal

Pf Set of x Xs assume x t xs's so Then N O fr n ni

The ChineseRemainderTheorem applied to the set 3M Mengof
pairwise coprime idealsof R gives a surjective map

R 4
Ban

x x Yen
with herY M n nme gemmy Mi Elm me N o

Incise workwithgenerators



12730So Y is a ring ismorphism

To finishthe proof is enoughto show the following2claims

claim Finite products of Artinian rings are Artinian rings
If Ideals of R x xRe an oftheform d x xde where each di
is an idealofRi see HW9

Claim EachRj Bmj is an Artinian ring

Pf By construction eachRj is aNoetherianring ofdimension0 localwith

unique next ideal Mj Mjg
Note MT o

Now the Noetherian condition on R says Mj is Lg as an R modulefor
each ist in In particularM

Mjg it
is a G g R module and

thees a finitely generated actor spaceonerk7mg II
te Fagg Itg

com dim
g
M too fr each i t in

This auditionguarantees that Rj is Artinian Indeedfix anydescending
chain de 2 Oh 3 of ideals ofRj Weisethesame techniques

usedtoprove Artinian local Noetherian

Fr each 9 0 n we consider the chain

A Ming z da nMjf 2

Note that for f n this chain is o 2 o 3

In each i we take dit nMf Minh I
Jiffy7

Yog is Rj linear
Ker Yi g dit nMf n air Mitt's dit nm

t



This induces an injectionR linearmapTig LIBI fiIIfgI
Sincethemap isheRpg linear weget adescending chain of k rectorspaces

GYI It III it
SinceMg is finite dimensional so is

ayyy lit's a subspace

This forcesthe chain x to stabilize
Sincewe have finitely many chains osgs.nl we may assumethat they

all stabilize at the same spot say Ith TY means

A As AMf C Ast hMf lls nMitt forall sad all goin

In f oh we know herM o det nmy
For f n t CA yields Ash MT e Ast hMj to

so deMMT Met Anti
Fr f n z as yields as n ng easting 9,1154g
so AshMj

d
e best nmi tasting s best Amit

and henry
R
defMj

Continuing in this way by nurse induction on ye 30 in 4 we

conclude the h Mj Get AMjf for all f o on

In particular for 1 0 this gives Ole Bet so our original

chain stabilizes D

2Primary Ideals Fix R commutativering
PrimaryDecompositionsarecentralto C RNoetherian t din o MaxSpecR so

2 Structure Theorem for modules on P IDs
Central tool in Algebraic Geometry thestudyofDedekind domains



Definition An ideal GER is primary if for any a SER we harm

abe G b off a tf fr some nai

Observation Equivalent every zerodivisor of Bg is a nilpotent
element

CANT

Recall The nodal of an ideal de R is

Oe To 3 x ER X ed for sme n i

Lemme GER primary rly is prime
Pf a be D r G ab a b e of 17 sme n 31

either b e of a

Cabmeltypment9primary Yep
Observation The difference between G R rlly is algebraic

highlights thedifference between a fat point ptwith multiplicity
the point viewed as a set 1 Algebra behind Algebraicgeometry

Examples R kex x is primary r Xn x

ab E x x'Xb x la so an e x

R lkcxy f x y is primary but it's not apowerof a prince
ideal

PH P r q x y and P E 948 1 482
A f g e f write f ao t Xt t y talg ao Elk

g bot xgift y Gacy so Elk

gotA mans boy 0 or h 6 to and bo o

I boto
Ig aobotxlshitaogitgytzcyyltylfzgtaosz.ly

finabge x y then hobo to so 90 0



If gts.fi ygt boy tag

boyfacy E f so boyhey X hix y ty haley
Evaluate at x o to get boyfacy g halo y

y la y so f of x fix y t y Elf
ER

E bo 0 YX92ly
Lg Yao g XfiftyGacy 9 yhGacy y fSat4.9082 y
Ea Eq
Y 90 Sz y E G so y90Say X hicky t Thay
490 Sacy 424210,9 so y Gacy in

ante
F X f tytzy f x'hit y hi taxyhhe

e x y f
Ntt r f x y is maximal in kex y D

This last examples are more general I seeHW9

Rope If R is ammutatire IG ismaximalthenGisprimary

Example R Rex 9,231kg z
2 P LED

8 is a prime ideal but pis not primary

Bp 1kcal Ey z xy z 1K97g key
integral
domain

P 53 E IE
E JEEP I P but je r P Exercise



A Wedo have 548 but I EP i.e thedefinitionofprimary is not
symmetric in f g

Summary of ample
ofprimary f powerof a prime ideal
8 pm.me P primary

b rlly is maximal f primary
Next time we'll prosethe following statement PrimaryDecomposition

fentherian ring
Thuram Assume R is commutative Noetherian ht d CR be an ideal

TF f i Ge primary idealsof R with
a 9 n nGe


