
 1280Lecture28 PrimaryDecomposition II
Fix R commutative ring
Recall A primaryidealofR if xyef y f Ref frame n

Immal Gprimary 9 prime
Qbs 10A primary G is a powerof aprime

Pprime P is primary
r f maximal f is primary

1 Irreducible ideals Primarydecompositions

Def An ideal de R is irreducible it d b ne with

k C ER ideals then d f or a C

Terminology comes fromtopology if R E ca xu then d b Cdefine
closedsets in 9 solutions to polynomials in each ideal namelyV d
V b V C Moreover

as bn C translates to VCR V b UV C
So we candecompose Ve if Oe is not inducible

Thenext result says wehave PrimaryDecompositions forNoetherianwings
Iharem1 Assume R is no Then
d Every ideal in R is a finite intersection of ineducitle ideals
Ii Irreducible Primary

Proof i Weargueby contradiction Set

E OLER ideal A is not afiniteintersectionMinedideals
Sima Z 4 01 then E has a maximal element RNoth sayREE

since Oe is not inducible otherwise of E then d f n c

fr a pairofideals be with a E h age
I



Now b C 4 E by maximality of ok so 2280

b b n Aha
c e n nee

with hi Cj inducible

d h n than G nee E anti Ade 2 0
Ii Fix d f R inducible ideal

Working with R R wemay assume
10 is an irreducible ideal

I still Noetherian
Let Xy E o ie xy o e y to Wewant to prove x'o fr some n 0

y o

Consider thechain of ideals

Ann x E Ann x2 e Amn Xi s

Ann z 3 re R I 52 0 End R

Since R is Noetherian I u o St Ann x Ann x

Claim 6 Xn n ly
Pt a e ly ax 0 sima XY 0 bxnti

o.aex a bx

But bx so be Ann X Ann x so bx 0

So a Ax D

Since o is inducible and g710 we include x lo ie x o asdesired

EApplicatin
Fix R Noetherian commutative Let g R be an ideal

Write a 9 n n Ge leprimary decomposition of d
inducible primary

Let Pier fi be the corresponding prime ideals
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4 If 8 FR is a prime ideal minimal among the set

of prime ideals containing Oh then P Pi forsome it yl

Pf ByTheorems ofPrime Avoidance Lecture2.0 we

have G n age EP
pine

fi ED fr sme i
HencePer Ai E r 8 D but

he Pi EP
pun

P minimal Pi P A

Def The mid prig of R are the pine ideals of R
minimal with unfect to inclusion

CorollaryI There are onlyfinitelymanyminimal primes over any

given ideal or of a Noetherian ring R a minprincesonRg
Corollary2 If R is Noetherian ofdimensionO the minimal primesonto

are maximal ideals so R has finitelymany maximal ideals

This was thekeyFact assumed to prove Noetherian din o Artinian

53ReducedPrimaryDecompositions Uniquenessfeatures
We can simplifyprimarydecompositions by avoiding redundanciesoffi's
ensuring primary components have different primes associated tothem

lie theirradicals

Definition A primary decomposition d G M age is reduced if

C Pi fi an all distinct
2 fi jffj for job l lie no fi is redundant

After removing redundant ampmeats oneat atime we can achieve i

thanks to the following lemma



Lemuel If É Eu are primary ideals with r fi p

fr is on then 9 I Ii is also primary r g P

Prod q I Ei 8 8

We prove that of is primary usingthedefinition

Pick xyeg with y49 Then Fj with y 9J
Sima Gj is primary 7 no with X E f ie xerlfj P Rf

In with X E f as wewanted D

Qbs If de f n Age is a reduces primary diamp the Gi's are

calledprimary Imprintsof d Theyare notunique

Example D x xy CR KCx y monomial ideal

8 x Piz x y en prime ideals of R

Ol P NP P D x y are a reduced primarydampof d
P primary Ige x g x x th so re x na

Pi because r Dj Pe is maximal

x2 Xy 82

PygMilo is a minimal prime ofRoe P is aminimalprimeonce

Def Ass Al 3 Fi get Associated primes

key as Ass o doesn'tdependon thechoiceofreduced primarydamp
Any P prime containing be where Pa is a minimal

prime ofRoy must feature in Ass d Callthem Min Oe

Uniqueness ofGinty applies to Gi's with r Gi eMula
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Theorem Assumethat d G n note is a reduced primary damp
with Min d 3Tq Is Then fi gs are uniquely
determined by ol Moreexplicitly Ai ji ji d Rpi
fr i i is where Pi fi ji R R piA G
Pnd We fix it 31 sheand write P Pi 99 j ji R Rp
S R P a g
Define b ideal in Rp generated by j d

S'd jor Rp
GOAL Show G j b
Weprovethis by a series ofclaims

Claim 5 d I s g
Pf Argue by induction n l using that for1 2 thisworksforanybasecase

painof submodule ofan ambient module M TakeM R N 9 Moreprecisely
N2 92

If Ni Na E M are R salmodules then S N MS Na S NAna

Indeed 2 is true since N NN ENi S N Ana E S'Ni
are 5ksubmodule of 5 M
For e Pick my E S N MS Nz so F M E N MaeNz

Si Sa ES with ng ng my ME in 5 M

Then F EES with th s m s ma o

N tsa m s ma E Nz so it'sin NNN

Now E ng Egg E 5 Nanna as wewanted D



Claim S Gk S R if k i so j S gu R if he 4860

PH It suffices to show fun 540 If thiswerenot the case

then Gr e P then Pu r Gu Er P D so

d e f e r gu Ph E P P EMin er forcingPEP
This cannot happen because our primaryftp.itim was reduced

Claim J 159 G
Pf Charly G E j 1519 Nti g E r f P so 975 0
Conversely if X E j 5197 then x E E Sf so

Ii Emm Im with ageRp xue 9

ÉanFm with b Ibm EP

call a I amIya
E f to see g g withasf bets

Now F s P with s bx 1 a s bx a 0 MR
B X Sa EE

Bydefinition if X G then 7 n o with sb EG ie step
19but this can't happen because SGP b4 P

Conde x EG so j 5 f EG D

Oa Thisuniquess will be easy to prom for P IDs since

each primary ideal f o with be ofthe frm M for smu
nai with M a maximal ideal


