



































































































































Lecture2.9 P IDs PrimaryDecompositionsforP IDs 1290

taste ReducedPrimary Decompositions fr ideals of Noetherian rings
Commutative

Definition A primary decomposition d G h age is reduced if

Fi jffj A job il lie no fi is redundant

2 Pi Fi an all distinct

Def Ass Al 3 Fi Eel Associated primesof a

key as Ass o doesn'tdependon thechoiceofreduced primarydeampwedidn't give a proofof this
Any P prime containing be where Pa is a minimal

prime of Ry must feature in Ass d Callthem Min Oe

Uniqueness ofGintyapplies to Gi's with r fi eMula
fi ji ji lol ji R Rp Pier fi

PrimaryDecompositionsfor P IDs

Recall A commutative ringR is a principal ideal domain PID
if it is a domain andevery ideal of R is ofthe town a for aER

Examples 21 I E 21 I o then I min Ingo
IK X I E Z I 6 then I f when FEI has

minimal degree
are Euclideandomains all Euclidean Dmains an P IDs

01h P ID Noetherian Ideals are finitely generated

As a consequence wehave primarydecompositions for P IDs

Q What do they look like






































































































































Lemmel Fix a P ID R a non zero prime ideal D of R Think
8 is a maximal idealofR

Proof Write D a with a 0 R is a PID D is an ideal

Assume D Ca E 1 16 ER Newedto show I R

Since af b wecan write a ER
If I P then b P Theprime condition since P so c ax

Then a be bax ie a 5 1 0

Since a to R is a domain we conclude bx 1 0 so b is a unit

thus I R D

Corollary If G is a nonzeroprimary ideal in a PID then r f is a

maximal ideal

What more can we say about primary ampments

Lemma2 If R is a PID 9410 is a primary ideal then

G M for some maximal ideal M 119

Prd We know GE 9 M

Since R is a PID we have G q M p with pheffrsmenst
Pick smallestsuch n ie p EG but p elf
Since G E p wehave q PX forsome x
Since P E 9 we have p fy frame yah otherwise we

getp e q
p gig p x y gives p pity so

Since Ris a domain p t xy yxEMn
t

But M is a primary ideal r m M is maximal so

yx EM y M TIM forces XE M definitionofprimaryideal






































































































































22930
XE p we can write x p z for some ZER

and q px p p z p Z

9 17 E ph M e q
PEG

Ming f M

This statement has a crucial consequence

Thorin PrimaryDecompositionsforPhDs
Fix a nonzero proper ideal d of a PID R Then there exists

primary ideals Gi Ge of R satisfying
i d G M hfe PrimaryDecompositionof d

2 fi Ifj no redundancies in i

primary
3 3 Pi f fi ease an distinct un zeroprimeidealsofR Ying

Furthermore Min a Ass a Ali El areunique

Pf Use existence of reduced primarydeamp for Noetherianrings
lecture 28 ThatLemuel For theuniqueness use that Mi r fi is

maximal by Lemme 1 G is Mi by Lemma In particular
any 2 reduced primary drampsiters will have the form

a m n n mene mi n nmese
The Associated primes are uniquebecausethey are minimal Lecture28Lemmaz

To finish we haveto show ni si for each so
had

Claim ni E max 3 n 31 ME M This will becrucialtoshow
thattheni'sare

Pf Oc isproper Mi EMim d so de mi
Wewantto show 1 3431 C Emil is finite If not this will force
A 27 since Mi't E Mis says jt IGA jet
Since Risa PID write a a 40 Mi x x of notaunit






































































































































22990

OLE Mi's translates to a bj xD foreachja
Since R is a domain a by

t
bjXi yields bj bjtix and

so we get an ascending chain of ideals in R

bi E ba e lbs e

Since R is Noetherian Fm with bn binti
Theis bm but X bmt Elbm gives but Cbmfor cinR

bm cbm x bm ex gives I ex which cannot occur

because X E Mi next ideal

link A is bounded say A Si Ni

Byconstruction OLE Mini Mini This frees nie Ni D
By interacting a with Mini we get

a on mini m n
ntmigg.hn ome

Grusin d M n nme is a reduced primary decompositionÉTÉ
Now A M n Amere M n nm're with niemiital
Wewant to show ni ni ti
Fina Mi me are differentmaximalideals theyare pairwise coprime
and so are mi Mehek 3mint mene extend Lemuel Lecture27

so min ome M mene

Min n AMene M
n
mere

byProblem Hw

Write Mis Xi fr i t se so M Mehl x xene
M Mene x Xene

Since x xie e x.nl Xene we get xi xehecx.nl xene
for some CER

Since his ni R is a domain we get 1 c x th
i

xeneheemit
If his ni forsome i then weget le Mini nie Mi whichcan'thappen
This ends our proof

O






































































































































Corollary Assume R is a P ID fix x ER 301 Then x can be 48

uniquely written as x up Pehl where

1 u is aunit m R
2 hi o he 70 are integers

3 Pi Pe an prime elements in R meaning pi is aprimeideal
with pi pj if i j 3 pi Pe is unique

Defa A commutative ring R satisfying I 13 is called

a uniquefactorization domain UFD

Remark Ourcorollary says all P IDs an UFDs

Roofoftrollary Combine Theorem1 lemma 3 to write

o x pin n A pine p n n pe

pi Pet e are unique hi me an unique

Pi r Pi are unique

the proofof TheoremI says ni max In X E pi so

theyare inique D

Example In 21 o m Ip pere pi distinctprimes o

corresponds to m pi A D pe
e

111 21 has no primary ampmentother than 21 itself so to frm









































































































































