



































































































































Lecture 3.0Modules on PIDs Free Tasim Modules

Recall P IDs commutative domain idealsadmit a generator

I Modules on PIDs

GOALIE Classify finitely generated modules on PID's

Apple Finitely generated abeliangps Lg Z modules

my Classification of f g ab gps
IK X modules IKVector spacesMtahixed IKlemonmapEM M
m Jordan forms formatrices inMatff Smithnormalforms inMatty

Maren
MMatadi if Reid

Elementsof a module M ome in a flavours
Ann m m m is a free element

Ann m Co my Ann m f ft o

ideal so m is a tocsin element'smeMy

M will be decomposed into a freepart and a tocsinpart
Impart e FIR TF C III o if Mish g

Tasim part MEN will be drampsed unique in 2 canonicalways
Method1 N e N

piperine
Pini

the Nai Ker I
a

fr aer

with Npini E Yeti Bypass
and Ea as elf
uniquelydeterminedbyN Pi

Method2 N e Rg Bar with fit 0 fi notunitsofR

Ar Ar l 19 uniqueness ideals f fr are unique

Key Primary decompositions fr P IDs






































































































































IDAY First partof classification of modules on PID's tocsin freeplaits

We work with any commutative ringR wheneverpossible
2 Free idules

Def An R moduleM is free if My IR I RE forsome I

We say I 4 ei if I is a basis forM

Thorin If Riscommutative an M is a firemodule thenany
two bases forM have the same cardinal Name rank M

Pff Consider M a maximal ideal on R Then TT Mpp is

a k sector space for k Rm held Then IT has a basis
all bases ofM have the same cardinality
Furthermore If xi a basis for M then Xi Xi thM

is a basis for M so I Il dim I does notdepend onthebasis
Indeed we show 3 Xilie I both spans is bi

3 5 diet spans If I e Mmm then

x
Egg

ai xi withaier so I E faith ti
finiteS Xi Lie is li If I

Eggfaith Fi then

EIaixi E MM so x
Iai Xi II Ekg with Jj ÉÉ Xi

finite finite

E s E i ximm.EE EYxi






































































































































By definition of EI ai EM ti in supp of X Thus aitM E
ai to otherwise

We conclude 3 Til is l i A

Next we needto ensure freeness is preserved forsubmodule

This is not true fr general commutativerings

Example R Kex y M R is free of rank c but
I x y is not a free submodelle

I R not a cyclic module

Wehave the obvious relation Y X Xy O

IME
Any Sti lie generating setwill have obviousmln

fifty I
o D

Thiam Let F be a freemodule on aPID R Mbe a submodule

Then M is free and rank M E rank F

Prod Wediscuss thefinite case For the casewhenWank F is

infinite see HW10 Assume F has a basis Xi it n rankF

Let Mr MM x er for res in

Weshow Mr is free of rank er by induction on r

Base case rel M M A x is a submoduleof Xi so

M 19 xi for some are B
So M O or free withM E R because Annex7 0

Risadomain
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Ictp busier thefollowing set of R
a 3 at R F XEM with x b x t t beXr taxa

fr bi b r ER
Claim A is an ideal because M is an R module

Since R is a PID then D art for some art ER
We treat Two cases
i If It then Mrt Mr so Mrt is freeofranker

a If to we pick we Met with we taira

Fr any x eMrt we write x a x t tart
Eggsso x CW E Mn Xi Xo Mr

so Mrt Mr w

Charly M n w p

Miti Mr w

Is R
se

k Ann w o because art 0 3 1 ix is Li D

Corollary If E is a f g module see a PID E is a submodule

The is f gen
R

PH View E Ryun Y R Ryun E

Then M Y E ER so free of rank In IL B lx Xsl
is a basis forM then E 4 M Yay Yap
is a fin gen R module D

Afoot Use PID Noetherian

E fg
module R Neth so E is Noetherian as antinode

E EE is f g as a submodule A



30
Eron frmodule

Def Let M be an R module Wesay M is a toiseinmodule

if given XE M F a GR lol with ax 0 equivalently

Ann x o Axe M

Finite abelian gp translatesto finitelygeneratedWisinmodule
over21

Def A Torsion element x of a module M is an element

with Ant Write May 3 torsion elementsofMy

Def If Ma foil we say M is Tosin hee

A Tosin free t Lg Free for moduleson ageneralringR

EI M x y torsion free kexy wwd butnotfree

However the statement is true for modules on P IDs
Proposition I M a Lg module on a PID R If M is torsion

her then M is free

IoofNexttime
This proposition will allow us to show

Thorin Fix R a Pl D and M a f g R module Then Mpg as a

free R module Furthermore there exists a free submodule F of M
with M Ma I The rankof F is uniquely determinedbyM

F E Ry as R modules


