



































































































































Lecture 31 Modules on PIDs I Classification

Recall Last time we talkedaboutheemodules our a PID R
M E EIR na a basis SeiEce generates LI R

Defined winindments XEM with Ann x o

Mtr 3tocsin elements E submodule ofM
Mistominhee module Mar 309

inning
my

j

PropositionIFix a fgmodule17410 on a PID R If M istorsion free

then M is free

PH Considers3 Vi un y amaximal list of elements ofM
among a set43 y yuh of generators ofM
Here Li man's a r t t an un o ai ER ai oti

Pick yeY S Then Fa bi bn ER notall o so

ay t b v t burn O

Since S is li then a o

If y ES then y Vi if i ve o

Inclusion For all jet m we can find a je Rizal
with

Fie ul un Take a a am wed f gofMforthis
Then aM E v un a 0 Rdomain
We take the multiplication map Ya M Cri un in is

freeM t am
Ya is injective because M is torsion free
N lui un is a free module er so YaM CN isfreeTheorem2 Lecture30






































































































































31
Conclude MeYam is hee of ranks rank N nsi.me

fmsof.MIrenkMs win h gonsetMME D

The previous proposition allow usto decompose by modules on PID's

as a direct sum ofatorsion a freemodule

Thorne Fix R a PlD and M a f g R module Then Mpg as a
free R module Furthermore there exists a free submodule F of M with

M May F The rankof F is uniquelydetermined by MIF tEy
Proof Wefirst show that I MM istorsionbee

Letter and be Rwith be to mTT Thenbx EMtr soAnn bx Co

But Ann bx c cto fires bo x o in M
So either be to or X EMa G 5 0

wCto
5 0 I is not atorsion elementof F

M is Fg so F is Lg
IT is Gg Torsion freeBy Proposition1 it is afree R module It's rank is

uniquelydeterminedbyM

To find F we need alemma affliedto 4 M 7M Mta

huh Gusider M M tire modules on aP ID R AssumeM is he

let f M M bea surjective R linear map Then there exists a free
submodule N ofMsuchthat
i fl n induces an isomorphism fin N I Mi of Rmodules

Ca M N kerf
Analogof Rank Nullity than for modules on PIDs

Prod Pick a basisB Xilie forM Foreach i let Xie Mwith ft xi Xi
Take N Xi i ie I






































































































































13130

Claim 3 Xi if Il is Li

PG E ai ti o m Eai Axis O
Fang

IIe Fite Exit
GG N is herewith basis 3 Xi life
Charly i fy N M
For xeM we can find a ER finitelymany o with

Lex Iai X
Eygai

tix
Effie

8 x Eai xi E kerf ThusM N t kerf
ignite

a NAker f p because 3 Xilie is abasis

So fin N IM M N kerf
pE bv.de

Def An element per lol is prime if the ideal Ip is prime

From now on we fix a listof primeelement representatives SpilieninR
meaning Pi Pj Hi j

Recall Ma Ker

Rifat
to all CER

Def A LgR module R a r module if M Mpmforsemen I

Qassim If 1746 is afgtorsein moduleover a PID R
then M Mpi

piping
to suitablenie withMani y

finitelymany

Furthermore Mp iEÉpIg 07ps withnevi's.ve us

Thesequence us isuniquely determined byM pi
29 Write Ann M a a o axe as

a up pin ms M Ma Mpijij
a e RY Pij pence reps ni I Exercise inductm r






































































































































Uniqueness ofPij nij follows him uniqueness of primary
decomposition be P IDs

We focus on the classification of p torsion modules

Uniquenesswillbeproven at theend

Assume M Mpa with n minimal Notice Tippy
is a k vsp with key in a PID springe me

Since M is fg dink I a

imma
fr IFingf.dimuI

usingthefollowing

K Assume Ann M p kick x EM with Ann x p
Gusidu the ses o x M N O

Mex
Then a dimeYn dimeFM

If N decomposes as intheClassificationThem then ITadmits
a section

yÉ ÉIpn IIPM P IT m pn
so p Me kerf

we get Iif Mpw

T is k linear map
F is surjective so dim

Mpp E dinky co

x EM satisfies FX PM O Xt PM PM

because pr x 0 So kerf o






































































































































2318

The Rank NullityTheorem for k linear maps on finitedeniensinal
vector spaces inylies

digIn a dime1pm this proves1

We assume N I Rpi with u ers

Consider 451 5sE where Y gi ei Ann Ti p
We want to lift each yi to M so that Auntyi Antti
This givesthesectionNÉaiTi Eaigien y RIX Tien
It suffices to do this for asingle JEN hot
Assume Aunty pl for some 131 Pick any EM
with y Rex g
Then ply e Rex Write ply bx Arber
factor b as b p c with pXc 530

Since p x 0 we may assume Sen lotherwise p ex o pix
sowereplace bbyphc

If s h then ply o

pl y Rex so play yo
Aunty Amity
soyworks

If San then Ann Psc x p
s

so Ann y plths

Since pry so we get ltu sen ie les Ifpi
so y y ps tax satisfies

Y'tRex T Ann y pl Ann15
ply ply p ex o pay'splay psix so forcesply eRex Cute
Assume we're lifted 5 Is to y gs with
Ann Lyi Ann Ji Git RIX Yi en














131

Then M R x M when M Rly gs
since M n Rex 306

so IT has a section D
Ry M N

N M

at catinthe existence ofthedecomposition

We proceed by induction on danceMph herp held

M Eg so dunk In co Here M Mphwithin minimal n 1

Base damnMpp I dimal forces M x because

dime In 0 so n pN pan pNettie hit Then MIRA
Ictp Assume N admits adump since dimanpn dinghy

Using the section to M N him theproofof the lemma we
build y ay fun the decimp of N ie N 4511 5s Mkay Ys

withAuntyi Aunty
V 78sSince N R Ji I É pVi R with Amiri pt

and p Ann M e Ann M p't we get n up us

To finish we show R 91 y s Rly Rigs
Indeed if 9 y t t asys D wewant to show ai ti o ti

ViewedinN a GT t t as95 0 in N RCT forces

aiti so so ait Ann Gi Ann gi aiyi 0

Thus M x Rly Rigs net Vs
12 12 12

Yp Tpr Rhp's D

This construction ensures the existenceofthedecomposition



S C 13170

Knigueness Proof Mpm Rexo EY naive us

we need to show both s the sequence r ers is unique

Ite Ann Mpm Ph Aunt Rpi g
forces in

Next wedetermine S

Claim S dimeMpm key field
I f Since M Rex Rix RI Xs
Then PM prexy PRIX PRIXD

with It Us D could have t s

so

IF Otp 1 1,4IQ 1xs

krs h he k f
dinky t s t s

So ofterms is unique
Assume M with Ann xi 81 Ha r's
wants snow Ie d en

But AnnM pri p yields V1 her

Next weansiderthemultiplication map p MIM we argue

by induction on n where Ann M p

T pM has Ann T p

If then pM O so V L Vs I

VI VI V's I



Assume u 2 that the champ is unique forany module with 1318

Atp for kent By anstinctim thedamp 9 M is unique
Ontheotherhand MEPM ÉRepxi 472

Vrt I

ÉRPx 432 Ya't
and Ann Pxe pun frier

Aum Px putt hier

Ourinductive hypothesis gives r r

Vi l rt i ti ti yr
V it Vs l Vs uh

This concludes our proof

Observation

For Mpn no exponent of Ann Mpa p Annex p

Dunlop p v Npy p

v2 Mpy
x y

pk
m This is how wecompute 4,82

e9aiangfthT.gsfactors togive an alternativeclassification
ClassificationThun vz If ofM is afg torsion module on aPID R

then Yar
where fi to go RY ti 7 g l f
Furthermore the sequence of ideals É fr is uniquely

determined by theabove auditions

PG Write M Mpi Mpr with



Mpii E Ravin Rpgs
with u us i

We compete with 2 1 0 Kj so so that all
decomp have the same number of summonds S max Sil

KierWe regroup by columns

Mpi to Yg
I fitPj

PESMpir Ypg to Epps

I Boy Bar
claim Yai

JH CRT P i Pr are distinct coprenies so after

ignoring the O summends m Lies we get pairwise

coprime ideals P Y pr i t lecture29

ai I Cpj II psi
P ID
uniquefactory

Lecture26 HW9

Iso in claim follows firm CRT Lecture19

By construction q I go l 19 because 1.824,1 tj

Iniqueness Ann M 19 Pick xEMwith Ann x g
m Ann Max Az etc


