
 

Lecture 32 Rational normalforms Jordancanonicalforms

In the last lecture we saw a ways to classify non zero finitely
generated torsion modules on a P ID R

Kassim If M is a fig torsion moduleover aPID R then
M Mpi

pprince
10suitableni so withMani y

ni minimal

Furthermore M pii E Rpi This
with nevi's re us thesequence vi is uniquely determined

byM P

ClassificationThun vz If Atco is afg torsion module on aPID R

then Yar
where fi to go R t i 7 g l I f
Furthermore the sequence of ideals É II fr is uniquely

determined by theabove auditions

TODAYIGOAL Focus on the case of IK x modules where IK is
a field of characteristic o in char p perfect fields will be
needed see Math 6112

ffif.dk xs module

I a lk vector space N



multiplication by X defines a map x'in gym
x is IK linear since IK x is commutative

X la m x a m ax m a x m

Afsoc Mx amu Assoc

bae Ikea module alk vectorspace V YEEnd

From now on we assume V dues dim V n so

So Y A E Matan k matrixof the linear
transf wit afixedbasis

Define amapIKEA K AT C End
K
V

P X PLA

What is Plas If we V then
P E aix mis PLA o E ai A

ng

I is a ring homomorphism
ÉAams

Im I subring of Enda V generated by A IK

Ker Ideal ofKIX PID so

Kent f for some Felkfx
Lemma Ker I o

JH IKEA E End V E Mata IK dimKCA co

subspace f dun IK vs

4 is also IK linear map If Ker 4 o then

IK x EK CAI GE D
int drill fordin'd



Name h to us take fa x of monic

Falls ma polynomialof A on k

cyclical
Iroposition Assume wehere we V sit V k x v ie v is

generated by 30 Av Av 4 om IK V iscyclic Then

1 dug ga is minimal integer do sit

3 W Ar Advt is ld ie

In Av Ad ol is li

3 u Av Advt is Id

2 Furthermore in thissituation 30 Au Adil is abasistoll

PH Since V is f dim'd we have 3h Av Adal ed forsomed
2 If d is minimal then 3 r Ar Ad v4 is li

We claim Ado E Span u Au Ad n by induction
m kzo Adtho E

So 30 Av Ad r E is a basis for V
1 Write a nontrivial l d relation

how 9 Av t azA'o t t ad Adt ad Adveo

Since as o we can assume ad l Call he II ai x
We claim h 9A
C he Ker I h A E O hi A Ar Alley D

HCA Alo Aker 0 m heal to
h ga g fr gelkex

e Itdug ga s dy h d Wewould have a dependency relation
for 30 Av No Ad ol anti



And dog fat dugh f th both are monic gash A

Corollary1 If V is cyclic as a lk ex module and

In Xd t as X t ta X t go then in the basis

B 3 O Av Ad v4 we have

BB
Y

get
Empanihiatixfor the
polynomial GA

Characteristicpoly Aa

Corollary2 If V is cyclic then V e
1K9g

as IK r s

Why Mix V
fix I go s say t Ker Y fax

Mowrer fu x is independent of thechoiceof generator v forV
an invariantof V

samedim
FYI Ky IKE

a digtidy

ENm cyclicaase
Q What happens in the noncyclic case
I ClassificationTheorems for Lg Tosin modules kex
Qbs dinI co then V is a tocsinmodule on kex
ga A o endomorphism waning ga A w Otwell

ThurinI V k rector space A GEnd V A o Then V admit a
direct sum decomposition V V Ur
where each Vi is a cyclic kex module with invariants fi to satisfying
f I fa l I fr Furthermore thesequence 9 fr is uniquely
determined by V A 9 r FA



PH ClassificationTheorem v2 gives theGi's Uniqueness alsofollows

To finish Ann V ga a Gr since file ti
But er I Ia sima 9 a lx Vr 0 So f r ga both.ge

Corollary V admits a basisBwith

A
on

gg
Cei ampaninmatrix

for each9 i

This is know as the rational normalform for A
AN RNF A I it JaeGladly with

A 9 CQ
Pfl Pick Gi generator for Vi m Bit 30 Av Adity with
di deg fi Then take B B V V Br A

Q What about alternative ClassificationThen

We factor fax p lx Ps six into distinct prime
powers pix monic inducible

The pi's an the representatives of prime elements in IKex
Everything is monic so no unit is needed in the factorization

Thorne V k rector space A GEnd V A 0 Then

V admits a direct sum decomposition V V V
Pi pic

Furthermore each Up i can be express as a direct sum of
submodules isomorphic to Ikex

µ
with ni o us



IIc found

In the special care when IK I charo Eg Kd
then write Pi X d for some L Elk

Each
Kym piece gives a cyclic submodule Wpingundanof

IG Wpi m has a basis B ou k such that

A
Wpi B

gg

mxmmatux

d m

PH Wpim is generated by some W e V

Chaim B 3 w A 2 w A a to is abasis

LI x 2
m
is the minimal polynomial of Wpim

Any dependency will yield a polynomial g with 81A ppg
Spay Propositionhim early on binomial Theorem

Alternative 1B din Wpim

Ne A whtcw A 2 CA 2 W yields

A A N w A H w t 4 A a Cw

Also 1 0 w 0 since 9Awp x2

so Alwan has the desired shape D

Corollary Given V A with ga pi pin F B

basis for V with A th g blockdiagonaldamp



Furthermore fr pi x ai we have

O withAi kid

pygmy
remix em's

I 0

This block decomposition is the Jordancarmical formof the
matrix A


