
 
34Lecture 34 Nakayama'sLemmaBasicson LinearAlgebra

Recall Last time wediscussed Cayley Hamilton fr AeMatan Ranganting

Thong Cayley Hamilton Xp A 0 lie Ga Xa
louseguinyoffayleyHamilton
Corollary1 Gim AEMatu k 7 CE Matu k with

AC CA dit IA In

84g Xa o dit f A ED at A

CH givesXa A A tan A t tao In to

a In A ItanettaIn C'A

G at'dIn
AdammuteswithC

So C G C works

Qbs E Cot A cofactor matrix of A with

Col AJig e ti at Alois

We'llseethis in afuture lecture Awith now is colj rumored

E n 2 A

Xp out EE Ia x a x d be

x Ltd x

taffta

Xp A A atd A t lad be Iz
L 1 115.4 1 lato aid
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C Y A Catd Ia 9 at Id
Id ta Coffee

Net Fix R a cumulative ring

Corollary Gim AEMatu R 7 CE Matu R with

AC CA dit IA In
PHILCtis the cofactor matrixofA then ACCA dit A In
This fields a polynomial identity on 21Cai So I's valid
over any commutative ring D

This corollary gives the general version of CH see Hwa

ICH Fray_ng AEMatnaulR
we have Xp A 0

Proof Show Xa A to by using cofactor identity on

BIX In D setting AfBEEB6ft BIBI Xa In D

Corollary A eMatu PK is insertitle ifandonly if detAER

PH G Is char singlet AB detAditB dit In 1

Use AC CA YetA In funCorollary 2

Then A at A C D

Nakayama's lemma Fix R M local cumulative ring and let M
bet fingerated R module If MM M then M O
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Pf Write M C x x Then MM T Ei cjxj Cj EM

In particular Xie M MM so

Xi E Cij xj with cigem

Then A In Cig EMatunlR satisfies

A1 111 1 1 1 11.11 L

Pick Fwith F A AF CutA In jeg
lolcat Then

Cata I F A In FI L Cata x o

A Xu 0

But at A dit In ER E I M so it's aunity

Cmh X Xu 0 so M 306 D

SeeHWI.fr otherversions ofNakayama's lemma

ILimAlgebraBasice
Fix K afield Next we review the basic operations in vector

spaces on Ik Direct sums Hm Dual VectorSpaces
Whine Tensor products Symmetric Alternating orExterior products

fish a set u together with s operations
Vx V V
China n tr I I abeliansp withO as

the identityelement

IK X V V
Z Y zo

scalarmultiplication



satisfying Z v v2 Zo Zoe 4440

if't P jigger
distributive

Associative

11k V V

H Z Z Zz Elk A V V Va E V
Qbs V is alk module

Def A 1K leniar map between a vector spaces is a group

dimorphism F V W st Fiz o Zheng tze Ik

Ibs Same definition as homomorphism of1K modules

Hom V W setof all linear maps fromVto W

Iop Hmm K V W is a K rectorspace

Pf th he Hm V W hit ta is defined as

fi the w him t he v fue V

Easy to check this new map f tha V W is IK linear

Zero map O E Hm k
V W o v o fret

Scalar multiplication talk felt mus V W
Zf V W EDW Zhen

Easy to check this new map Z f V W is IK linear
Distributive Associative Laws followfrm those onW i f f is clear D

Note We never really usedTheactorspace structureof V in the definition

of therector space structure onHmu V W Thesame wouldwork

to make Him.su X W a rector space when X is anyset W is a

IK vectorspace



Remark If V W are finite dimensional with dunlin dunlin
thenHank V W can be identified with Matmxullk This
involves choosing bases Bu 3 Vili Bw 3wig forV
W respectively Theidnd'ReHank V W can be expressed
as avi E aj ing m A aji EMath

Furthermore f y
Bw

A v
By

LIE 115m
BW

Iation A f
grew

I love

52.3Bas.es

We use the same definition as freemodules

Def B is a basis fr V it V e Elk
B is linearly independent

a B spans V

Ealy envy n in V can be written uniquely as a limaramb

of elements in B

Emily B is maximallinearly independentset Hwy

Qbs By HW10 Problem 6 any 2maximal linearly indefsets hose
the same cardinality So demU size ofany basisforV

The usual techniques to find a basis in a spanning set a

basis forV by extending a linearly independent set hold in

any dimension see HW11 The proof uses Zorn's lemma



Throws Let U be a note space on a field IK withU 306440

Lets be a li subset of V Then there exists a basis B

In V with S C B

Let P be a generating setfor V lie a spanningset Then there

exists a basis B of V with BCP

Sz2Directsunt
Let V V be to add spaces

Def V Ua denotes the rectorspace with underlying at
the cartesian product V XV2 thefollowing structure

Cui v2 u Vi u tri Vatra same as for
Vi Vi Vi Va groups

Z Vi Zz ZVI Z V2

This is the same definition as the one for modules R

Linearmops direct sums

It ivied
Sz V2 w

all k time maps then we build a newmap

Gh the Hmy V Va Wi Wa n'a h
none film hairy

If Vi Ve Wi We are define dimensions dembi ni dinWi mi

BIBup301 U of x Buz is a basis for V V2

Bw Bwx301 U 30E x Bw W We
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Maw ifMidway e Matin maldiniand

Qbs Samewill work for freemodules her a comm ring with finiterank

Ers pace
Let V be a lk rector space

Def The dud of V denoted by V is defined as

Homie VI
dm'd rectorspace

II If V is finitedimensional then dim VI dimV

If Let Ivi f sis be a basis for V Define vi e v by

vitro Sig Ij vit gigup ai Elk

IK linear
Claim BE VEE a basis for V dual basis

Is pans
Ginn fi V lk limos it's determined uniquely by it

values at B

I Eia i ri É ai

Ing
Then h É bit
I f ng É bi Vitug El bi Sig bj




