
 
2350Lecture 35 Bilinearforms tensor products

I Last time we definetensorproducts duals ofvectorspaces

Def Thedual ofV denoted by V is defined as V Hom V K

Q1 If V is finitedimensional then dimV dimV sage dais

Q Howto dualize a map

Lemma If G V W is a lunarmap then ft W V

defined by f s 3 of V W lk tsew'isk linear

Moreprecisely f S n 3 fig Art V t SEW

Prop If din Ven dinW m then f
puppy

t ÉBw
Thw11

Thurs v passimlinear
Awn r you f fay yea

i sat dm V8

1 Bilinear Maps andTensorProducts

Let Vi Vi W be 3 vector spaces on IK

Def A bitiniarmap f V xVz W is a set map which is linear

n each coordinate ie

U v EV i V2 W
w fer w

E Hulk V2 W linear

F UE V2 V W
W is a w no

E Mlk Vi W linear

f la Nit bv1 havet bar a flu azvatbzuz t b flu azvatbzu z
Imanmistword

I 992 fly Va t 9 bat u V z t 92b flu Va t 9232 flu VI
lunarin2ndword
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Conclusive f is anyletely determine by the values m tcu Va
with V E Bu basis for V

v2 E Buz V2
It V Va are finitedimensional Will we will be able to build a
matrix encoding the bilinear frm h

Ex fi IR xRm Ri is defined as

f x y Xt I flee ej i j
t

n Xm

Def The tenseproduct V XV is a vector space together
with a bilinearmap V xV2 V a

Ci Va v uz
E indecomposabletensor

satisfying the following universal property Fr any actor sp
W oak and any bilinear map f V XE W there
exists a unique F V V2 W linear map making
the following diagram commute

V Na W

K 41

442
7 E linear

Idea Builda space so that F isAimar

Qbs Thepain V e f will be uniqueupto unique iso Hwy

Example V IK E V v01 es v Y hi ra v

IK T u hera



Ecton V Iva is a rector space spanned by the set labasis

B l lui ve i n evi reek quotiented by a subspaceH

V Kk www.kylh
H v sp generated by
fir Zhai a z ri ra z lui v a

In Zietz've za via za ly Va

Notation Int v us in V V2

So in the quotient 4 z Ui v2 Z v a t z v1 us

u Zant EV Zz v Va ZE v VE



Set 4 V xV2 E v Va as the natural projection

Vi r WI n U

Y is bilinear by

4 Ziv z Vi ve I 29cm re t 2 Yuri no this is

Ul u tavetz've Izzy lui ra tally Vi

The map is bilinear becausewe defined V Duck as a

quotientfactor spaces I quotientof K modules

Q How to define t
Use I vip I Yai ra him ve

u Quel span so I will be unique by construction

We can use the universal property of to get a linear
map g Hcv in W withYu ua hung

III extend linearly
3Ch a E is a basis forthisvectorspace

Now we want to check 914 0

9 z vital vi ve f z vitz avi Va

F
Z flu v2 t z flu Va Z flu Va 2 glut ud

t bilinear
so 8 Z V t Z Va Va Z Vi Va Z V's Va 0

Similarly 8 v zzvztz ve Zz Viva Zay Vi D


