
 

Lecture 36Tensorproducts Homtensoradjointners 1360

Hall The tenseproduct V AKU is a vector space together
with a bilinearmap V xV2 V a

Ci Va v uz
indecomposable tensor

satisfying the following universal property Fr any actor sp
Work and any bilinear map f V XE W there
exists a unique F V V2 W linear map making
the followingdiagram commute

Girl V XV2
f W

Y
v z

IF linear
E LI

YIN
M spacewith basis

Defined V 912 IK usu B 3 viral Iggy

H relations we expect on V a subspaces generatedby
fr all Vi V Evi ra We V2 ai bi az bzElk

a v tb VI Va Q Vi Va b Iv1 Va
m Giv th vi v2 a v v2 t b v 002 in V 2

h acvat bev2 adv vz ba vi v2
ms v acratbarz aclu v2 t bat v u in V Ye
F is defined as F r v2 for ra
We check it is well defined by setting g Kenny W

L



to be the unique IK lemon map with Sky is flu v
460

I theyform a basis
using thefactthat his bilinear to check 811 0 8107 8050
So g dtermines a 1k linear map on V V2 Kung W
this is precisely I III D

Iopsi If G V W ha Vz We are lk linear then

Chiha V XV2 W XWa
f bilinearbilinear w Wa

m get G ha V V2 W We linear

Va drink drink productof
IK IK k cordinalities

Pf We went down a basis forV He was a productof bases
If Buf vill ie I is a basis for Vi

Buz 3 of c IzE Ve then

Claim B vi v8 III is a basis MV Y

IspansIK
It's enoughto write the spanning setof indecomposable tensors

as finite linear combinations ofelements on B

If V evi we V2 then

u E ai of ve f bajo
with 9IGI

for all but finitely many iEF JEE



36130Then r v2 YI Egg air 4Izbjv7

rang ikr E bj v7

g I ai bjY v11 of a b to fall

Reh IEEE TM Tyga but finitelymany ice
jeez

Iiisci.j4 v.g o e v Uz wattshow Cig 0

EEE

ice Cij i v5 soUseof to unite it as
FEE Times Eve

Ka

Pick LEI Wellshow Cie o ti

Since Brzis a basis h ve 3 Y V2 k linear with

I'm no.ws IIitImmtn
idu 4 r ve n Yue
Apply idu 4 to A Then

O ku 4 o E LE
JEE ie Cij i

4 yA
V XK V

a at

hit hate my
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E EI ie bi I

only j l
survives

Bu bass
Cif to fi

q EI Cie wi
finite D

Remote Assume dim Vi nico din Wi miso
Assume h V W linear are identified with mattias

Fz Vz Wz

X EMatm
an
1K X z e Matmandlk Then f he

gets identified with a matuxxi XzEMaty.m ah

Moreprecisely if X
1 im band
9mi gun

k
b bin

91 X2 9in Xz Bu 3of it nil

i Buz 3 of it intthen 4,0 2 4 Bw 3WI it yh

www.ypyy y I
Here we use Bu v2 Bu XBuÉ It 321 v4 j l at

Bw we Bw x Bwa Ii WY j l May
as in the Lemma
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Rop There is a natural map U W HomN W

with OI Bow u to v W

Its
Mowrer OI is an isomorphism it V is finite dimensional

In general I is always injective
Prod Define 4 V xW HomNW

B W to Baw
Easycheck Y is bilinear Hence it yields a unique linearmap

9 VFW Hulu W
with 04 w 413 w

Lisinjectin Let LEV W be suchthat lol x to

Write L E j Wj absorbscalars into j

We can assume w won an linearly independent Otherwise

use the dependency relation to reduce the numberofw's

Eg write w n ÉÉj wj m E Sj Wj gin ajay
Ej Ej w

j Eilajen wj

I Igg
wi
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Then Are V Ej Ej r Wj 012 r

0

Iw wee
u 0 A jet n

But Sj o to trev j o

Adde X I o wj 0

Claim If din Ven o then dis surjective
PH Let Br W sung be a basis forU Given fetlm YW

ht wi fail it n

Then X E wit wi EV W satisfies play f
because I Q rt wi É niggwi Wj

G
So 0112 I agree on By so they are thesame

function

B
In particular whenWsu dunks we use this towrite a

commie inv V that is bases independent Hw12


