
 

Lecture37 Tensor Exterior SymmetricAlgebras

Given Us Un W IK vector spaces we can define multilinear maps
G V X xVn W as linear whenrestricted to eachword

m Weconstruct a tensor product V On V20 QYu
inductively V q V20 Kun n 32

or
Hiauniversalproperty V AKV2 ik Qun is a lk rectorspace

togetherwith a multilinear map Y V X X Vn É Vie
lui un v Un

satisfying whenever we are given a multilinear mop L Vix Nn W

we can find a unique linear map I É Vi 5W making the

diagram Vix xVn Is W
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Basis for V Un I v90 vii vileB theBnl
Bi is a basis for Vi for it n

1Tensor Algebra

Pick any IK
rector spaceV Inductively wedefine

ITV V K V
j

for all k a

m Collect all these tensors into as rectorspace via

I V T V MTV IK



Iop T V is a K algebra IK vectorspace ring
structure

Prod Enough to define the multiplication between TTV TV

T V x TTV T Yu bilinear
W define it on indecomposable tensors extend IK bilinearly

u un w Wm v un w 0W

Well defined y We can work with bases extend K linearly

Universal Property VIMEV x Vita thin
I can4mTV NY TTY Thu x TW

mult Y bilinear indefof Y
T V TTV TMT TU TMW

Example V lk then TYu a homogenous degree a

polynomials in n nm commuting variables

variables Xi ei standard basis for IK

Eg I ai e i bj ej E ai dj leixej
I

Xi Xj
monomial

T Mn homey degree polys in nun commuting variables

EIymmeti Extgebras
Next wedefine two quotientsof Thu that allow as to

swap entries on tensors with without a sign Weassumechalk 2



Definition
13230

5 V Sym V V subspace spanned by
r Un v Quit Vix 4

Kth symmetric product is is n n I I
of V tr ri gun EV

A V V subspace spanned by
Vix but u Quit Vix 4

let exteriorfor leis n n I I
alternating product via on EV

M
Obst A typical summand of an element in S V is written

as V the

51115 dunk homogeneous polynomials in n commutinga
o rainables

Ig 541K E aiei E Ej ftp.aibjeixej

I Ifjaibjtajbileiejtfaibieieieixejejxei.in 511K

E laib tajhi Xix aibi Xi

Lemme v ok Sg o rap van D inA

for all Jesu v Nn EV

Pf By induction on Ault write Tas a product ofsimple
transpositions

Base care halt 1 is the definition of NIV D



012 Atypical summand of an element in A V is written

as v n a vie Cordermatters

u n Ava to if ri ri for some it bylemma

sign Ej I so flipping signs introduces a negativesign

bra n a orca sign r In n n un fresh

Rop Basis for S V A V

If Ivi i ie Il is a basis for V I is totally orderedthen

a s É vis's ri t rise h
s 1 rip

is abasisforsky
2 wi n n via kiss in mil is a basis forMy

Qbs Total order if I is infinite requires the axiomofchoice

Corollary Assume din Ven Then

a dim S V tick I monomials Adey Kin nvariables

2 din Nv na so if he n

We can define Symmetricand exterior algebras

Sym N S V Q S v STV 1k Slav
NIV NIV MV 1k N'NEV


