
 
1900Lecture 40 Bilinear terms Sylvester'sThrown

1 Bilinear forms

Fix ViVa W IK actor spaces

Id Bill V xkW 3 f V xk W bilinear

11 fan jetlmalvaW for eHmwlW

Hmas V 1kW

Def A biform V xk is an element of BillVixVz K

Def A bilinear frmfor V xD is medigenerale if

V Vt Va V

ni t fin V2 to hi ve

So it V or V havefinite dimensions weget U E VT Va e
so if his nondegenerate weget dumb dink

Itition PoincareDualityFix X smooth ampactmanifoldof dim n

Hk X H X 5 IR is mu dy taken

Iiaisi EIbjYj1 IjaibjfiYiai.b'd
si k all Du Si EX
simplicial
Yi k fromMX f 4 fusty

Riemman integral
exterior si

H X H X R taken
4 3 fun's



tuality Hulk H X É H x taken

Assume din V dink h pick B.tv un4 basis forV
B Wi Wnt V2

Write he BillV xk K via avi wj sheri Wj
build an n xn matrix Q with Qi y Cui w Vij

Ihop his non degenerate if only if Q is invertible

PH G V 4 Vat
v1 3 w t v w

So 41
Vj wi fi vj wi Oji

This means 4 nj Q ji wi't

Yi B BE Qt
Since Y is ing demV dunk n so we conclude 4 is an
ise Thus we andude at andhence9 is intertitle

Q is intertitle so Qt an intertitle Sina Ui QT
we conclude 4 is injective

Similarly V2 V

So Ye wj Ei Qij Vt so Ya Bp Q

an

i

Sinceboth 4 Y are injectise we conclude that his un degenerate

D



52 Symmetric skew symmetric alternatingforms
19050

Def We say fin Bill V V K is

symmetric it Guv fewu tu W EV

asymmetric if fluw flu weV

f same unlessalternating if flu n to trev charlie

EI DotProduct on KPK is symmetric

In general fix y TO y with Q QTgivesasymmetric
bilinear form on IK

Ed VIK f x y Xy is symmetric notalternatingbiting

form Shewsymmetric when char IK 2

30 Sexy exp Xy x'y dit Yy is skew symmetric

alternating bilinear form on R
EX Pick a EIR Lulu w U wxw is alternating shewsym

hormonal

ExI dimVen so W End V Matmullk
f e Bil wxw 115 via GIA A Tn AA Tractors
symmetric by construction

Vs Cco i h on R ant mfdin't R v s

F VN R na F g h six hix dx
F is a symmetric bilinear form
Pick k 0,1321 antimures



Fu VxV IR via Feels h fix hey kexyt
In bilinear but not symmetric unless k is

Lemmon Le Bil LikMilk with associated matrix Q Then

this symmetric if only if Q QT symmetric matrix

his skew symmetric if I only if QT Q showsymmatrix

his alternating the only if QT Q die o ti
I fr uses fun o tr flaw few u tr w sinceflute btw 0

Inopolin Bil VX 1K I Bil'M WYK BilsheImu IK
fr char IK z

PH 4 f th with filo w finwitftw
fac w w tnw IF

Alternative VA e VIV e s v5 NIV't
if dumb co finddin

2 If char IK 2 then FEBitlvx.V.lk is amylitely
determined by thevalues far the N

Pf Say we want to determine fer w then

flirt w rt w flu rtw th w vtw

Givin then w hw n thew w

fan 2 her w th la w

So flu w firturtw finn th D



Q Howto work with degeneratesymm forms in Bill V V 1K
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I Ginn f EBilson V V K v EV set

it 3W EV I fin w O

Rad f 3 v1 her 7 0 E V E E V subspace
If V Yap View V

twI Ra.d
h via a section

Chaim fluxw is um def W Radle

pry the matrix tr f has the form I Read

If we Ker Y W W't bystymutterad a

w a flu w
thin few w 0 Hw EW few r to trev
Put few n o f r e Rad f

so we Rad G
Conclude we WhRad f o so 4 W W

Since f is symmetric Yz Was w as well

Qbs Same idea works for skew symmetric forms wehave rt

3 Sylvester'sTheorem

GOAL Classify symmetric um dig bilinear forms on VEX
n'a invariants rank signature

STEPI Degenerate vs um degenerate
1stinvariant rank of f rk f dunt dim Rad t

STEPI Classify non dig symm forms Sylvester'sThin



240
2ndinvariant signature of f

Sylvester Fix f Vx V lk mu degeneratesymmetric

bilinearfrmonV Assumethat charIK 2 dim Ven so

Then I basis B 3 Ei i End of V sit f Ei Ej ISij
So afterreordering thematrix for f in thebasis B becomes

Q Heisei i
t

Moreover the of o is independentof the bases

Def signature f 1 s Fr degenerate forms i's i's

Idea Find an orthonormal basis upto sign uning Gram Schmidt
to build an orthogonal basis be Enl humaninput basis 3h unE fr V

Ect Ez ve Egg
Ei Es us Ease Egg Ee

ete

But we can't do thisdirectly since v40 far to

Nettie we'll see howto by pass this


