



































































































































Lecture I Overview Coursedescription

1.1 Overview

Algebraic geometry is the study of solutions to polynomial equations on afield IK

I Study Geometry through Algebraof polynomials

Questions of interest techniques varydrastically depending m IK

IK Q digextn ofQ finite fields p adios function fields

m Arithmetic Questions leg solve diophantine equations
ExampleFermat1 X t y Z has no nontrivialsolutions over 0 if n 3

Counting rational pointsmX on Ig algextnof 0 p adios Oct etc

Finding one rat's pt I develop techniques to get others from that one

Central problem Weil Conjectures 1999 on the generating function localzeta
function derived from counting pts on algebraicvarieties on finitefields

S IX s exp I Nig 5ms
X projectivealgren Fg

Nm X Fgm

Conjecture y rationalfunctionof T 5s Thuby I work 119607

12 Explicit functional equation 1Them by Grothendieck 11965

3 X n s If
ES
Sixs E Eulercharof X

13 Restricted location of its zeroes Thu by Deligne1197411

Example X Pig I IX s
i g's 11 gt s

Proof via a suitable cohomologytheory

K R or a realclosedfield leguin by Tarski principle

Most usedforApplications leg CAD Robotics







































































































































Main latestdevelopment Homotopy Continuation a numerical method

to compute solutionsof polynomial systems en IR with finite solutionsets

Idea 111 deform systems to simpler ones to solve

12 Trade solutions as we deform back hoping for numericalstability

Extractedfrom Homotopycontinuation by
MaxBoot DonaldRichards Talkdelivered
attheSummerSchoolin Statisticsfr Astronomers
Physicists I16June20051

Answers defend mtheTopology ofthe real set

Pluecker 1839 A smooth quartic curse in P solutions to a homogeneousegusin

3 variables of digne4 over C has exactly 28 bitangent lines

Bitangent line tangent to the E were at z points
Real titangent equation of the bitangent is defined on IR Itangency ptscouldbe

complex

Zenthen118737 Dree IR the number dependsonthe topologyofthe real curse

Topology 9 orals 3orals 2mn nestedorals 2 nestedorals aoral g
Real bitangents 28 16 8 4 9

g

Example byTrott of a realquartic with4orals
and its 28 real bitangents

Source

https://astrostatistics.psu.edu/su05/max_homotopy061605.pdf

https://en.wikipedia.org/wiki/Bitangents_of_a_quartic#/
media/File:TrottCurveBiTangents28.svg






































































































































O 111 0 to algebraically died fields

Manymore tools algebra differential guniting Q analysis

Question geometric invariants dimension homology cohomology Eulercharact
decide if singular smooth resolve singularities effectively

deride it compact find nice compactshications

Canwedecomposevarieties Primarydecompositions
Canwe computeinvariantsexplicitly Computational tools egGrabnerbasis
Can we classify varieties Can we study families eg moduli spaces
Enumerative questions eg27Lines onsmooth cubicsurfaces on
Canwe construct specialvarieties

1.2 CourseOutline

In this course we will focus onharmingthetheoryby means ofclassical examp
Whenever in need we'll focus on IK IK even K C if necessary

Course outline 111AffineVarieties Weeks 1 31 Issue Not impact

127 Projective Varieties IWeeks9 6 limpet

13 Interlude on generalTheory Shearer Dimension Functionfint
Smoothness ResolutionofSingularities Divisors LineBundles Cohomology
Grabner bases IWeeks 7 11

141 CureTheory IWeeks 12 15
SI delPezza surfaces Week161

Missing topic fromthe year long sequence Varieties comingfrom Combinatorics

1 Future Topics course legToric Tropical Varieties


