

















































































































Lecture III Idealsofvarieties Basic duality inducible decompositions

Recall V E IAI is an algebraic subvariety if V V15 seek fig off
Lamma 11 V S M Sz V15 U V S2 for Si Sa I Ikfxis tu

121fav IS V1 Si t sie Msx x

137 0 41112 H V10
147 VIS V45 so we can assume S is finite

S ES VCS 2 V15 inclusion reversing

Corollary Varieties are closed sets.fr a topology IZariskitop
TODAY Focus m ideals constructed from affine subvarieties ofH

it Ideals from affine varieties

Definition Given a subsetW e it we define

I W 3 FE MA xn fie so Hae U Elka xu

This makes sense even if he is not an affinevariety

Proposition1 IN is an idealofKey

Ploof Need to show 3 properties of ideals

1 O IN one to KIEV
47 t.ge IN ftge In
Gia o gig o teen by def so Iftslia tie sie Iggy
137 f f INI he Kfz I h Fe IN
fig to ta EW so th f ie his fig his O O taek

Wehave the analogs of Lemmas 182 for 51.1
i 15 above




















































































































Lemma I If W E Wa then Ilw I fwy

Lemma 2 If W W an subsetsof A we have

I W UWz Ilw nIlwa
Proof FEI W NWa ta EW Una wehave f 191 0

teen we have fig o faena we have fig to

LEI wi FEI Iwa G FEI lw nwa p

We have a weaker heroin of Lemma3 from 51.1

Lemmas If Wi Wa an subsetsof A we have

I I

Proof Sima Itw nWo is an ideal it suffices to check that

I Wi E I twin we tri 12 but this follows from Lema 1

since Wi 2 Winwz D

The inclusion I canbe strict even if W wz an affine varieties

Example W VC Y x

Wi Ky U WeEu nwz 310,014
I twinWal V x y anypoly rushingon 10,07 has constant

term o so it lies in the ideal x y
I W y x2 1any f EI tu can be viewed in kex y

we can replace if by f gix t hix y ly x by replacingany
y with ly x4 x reordering
I Wal y I similar idea Write te Il wa as f fixthiss
conclude fix so because it vanishes on It V y




















































































































I wi Il wa p x2 try Cy x2 I Cy x
XE

2Duality betweenideals varieties

The results from51.18421goldthefollowing BasicDuality for affine subvar of 1A

GEOMETRY ALGEBRA
I

s

f
ideals Isubramatier

of11th ofRex xn

Next we discuss how I V interact with each other

Proposition If We lit is a subvariety then VII wit W

Proof It is easyto
check If a EW then fie so tf EI w

y definition of I 1W meaning I E VIII wi

t is also easy to check Since W is algebraic then W V15
h a finiteset 5 3his but of polynomials in Illy xn

Corollary 51.11

We have S E I W by definition of S so by Lemma I wehave

W VIS Z VII in D

Corollary For 2varieties Wiew we have W Ewa It w 2Ilwal
Proof CombineProp I 52.1 Lemma 3.51 I

reposition2 For any ideal d of Kfxi xu we have II V19 2 d

Proof Pick any EE W Vl'd fed Then typo so FEI Vid

In particular R E It via D




















































































































This is not a t to i correspondence even if IK ideals are restricted

EI
i

A V4 x St V11 24

lemma4 I 1W is a radical ideal for any WEAt

J is medical if fall f with f EJ for some n LET

Proof If ft Itn then Itn a It is o ta EW But

IK is a field so this forcesGia to ta e w ie tf I WI B

Corollary2 For any ideal de Elka x wehave I IV Id 2K

Inclusion can be strict

Example Oh it x2 ETR x Then Vid 0 I IK IR

I Vid I 101 Rex Itf City
it x is squarefree

In IK IT we can do better

Hilbert'sNullstellensatz If IK H d Elka xn is an ideal then

Stringversion I trial Foe

In particular when d 117 we get

WeakHills Nallstellin sat If IK d is an ideal of Kai xn wehav

Vla D a i Kai xD
Remark We'll see thatWeakHilbert Nullstellensatz String HilbertNallstellensatz

Corollary3 If IK II affine subvarieties are in t to i arresttoradical ideals
under themaps I l I V1

Q what todo about thebasic dualitywhen IK is an arbitrary field




















































































































A The Theoryof Schemes Math7192 will arise by enlarging the Gennett'sside
tomatch all ideals tautologically

Ideals will correspond to affine schemes
Schemes will be obtained by gluing affine schemes

local picture as Commutative Algebra

Globalpicture HomologicalAlg

Nextweek we'll discuss a proofof Hilbert's Nallstellensatz12 statements
We'll need some Commutative Algebra


