

















































































































Lecture IV IrreducibleDecompositionofVarieties

PrimaryDecomposition of Fales

Recall Basic duality in AlgebraicGeometry

GEOMETRY ALGEBRA
I

radical ideals Isttianitin
aW of11th ofRex xn

Lemma 11 WEA subvariety Then VCI IWI W

RI Wi Wz e it subvarieties then W E Wz es Icw Ifwe
I w w U Wil It w h n I lur

1 Irreducible decomposition ofaffinevarieties

Inspiredby Example3 52.1 we define

Definition A variety UEA is irreducible if forevery expressionofVas a
union V U U V z we have either V V or Vz V
Avariety is reducible if it is not irreducible

Example 324 is irreducible

Vix Z y z Vix yl V VI z milt is reducible

Theorem1 Every affine variety is a finite union ofinducible varieties

Proof We use a bisection argument If a varietyV is inducible there is

nothing to do If V is reducible wewrite K V U V with V E V V V
It both V Vi are finite unions of ined varieties the same holds for V
If not either V or V mustbe reducible By symmetry wemayassume U is red

we write it as V V2 U Val
Continuing in this fashion weare left with a chain

M V F V I V2 3




















































































































This infinite sequence never stabilizes if thestatement fails for11 Taking

Il t weget an ascending chain of ideals

I IVI E IV E I Val E
in the Noetherian ring Rex xn So this sequence must stabilize

Thus I n st t a n I lVic INati
Taking V it again using Proposition 5 we conclude

Vu VII Null V1 IN at Vat then
This contradicts our construction I D

ChallengesOHowtodetectirreducibility
Howto perform inducible decompositions inpractice

For wehave an easy characterization
Proposition i A variety w sat is inducible I tw is a prime ideal

Proof We prose both implications

I Pick f g e Mix with fgeIlwl
Then We V ICI iwi 877 U V ICI iwi g will give a decomposition
If f g K I tw this decomposition would be nontrivial contradicting our

irreducibility assumption on W

Weargue by contradiction assume W W U Wz is a nontrivial
decompositionof W In particular weknow that widWa Wi Equivalently

corollary153.2 this gives I 1W KI wz Il wit So 7 f E d z
E E f Edz El

ByLemma 253.1 we know It W UWal d n dz 2 de dz
truetinypairofideals

Then fg E ai dz E Itv f g 4 It w contradiction our

assumption that I w was prime D




















































































































Fm we will translate a decompositionof W into a decompositionof
the tactical ideal Itn as an intersectionof prime idealsofKfx xn

Next wegeneralize this to arbitrary ideals of Noetherian commutative rings
replacing prime idealsby primary ones

2 Primary ideals

For today we fix R to be a Noetherian commutativering leg 114 1 x

Definition An ideal of ER is called primary if it is proper and the

followingcondition holds

If a be R satisfies a be of a if b e f for some me
emir beFfThedefinition is not symmetric in a b

Observation Equivalently every zerodivisor of Roy is nilpotent thismeissymmetric

LemmaI If gÉR is primary then If is a prime ideal

Proof Pick a b ER with a b e Pi F Then I met with labia b elf
By thedefinitionofprimary wehave either a Eof or b e f so beg

at P step D

Observation Thedifference between of P Ff is algebraic highlights the

difference between a fat point apoint withmultiplicity us the pointviewed
as a set This will be irrelevant for affine varieties all our ideals willbe

radical1 but it willplay a role in schemetheory
EXAMPLES R K x d IX Then M is primary

Pf If ab E lx this forces x'lab x is an irreducible polynomial

so a x'c btinted Thus a IX or be 1 7 117
Of Ken I k o k o

Conclusion If a f x we have be fr D



R K x y of ix ya Then Of is primary butnota power
of a prime ideal
Pt Easy to see D x y M is maximal prime

P Ix y xy E F E P
P Yeof

It of dm forsome prime ideal d then if lot d ie d P

In what remains we check that of is primary Pick t.geMCx y with f g E Of

Write f 9 t x fix y t y ta ly
S bot x g ix y t y gaay

with 90 so f ik

Writefg a bot x bot lx g tho six g t Yftp.ypzlyytsilxyfzigglthfxy9iixgX
Y aoSaly t botz is E x y't

Note f4of means a to a 190 0 ta lo o

Assumingtag wewant toconclude that g eTf x y ie bool We analyze 2 cases

depending on the 2 options for f
CASE I Go to

Gg E of It atso t y la gang tho fr ly E 15 Ency
This fras bo o y I hogzig the fay so gEff B

CASE 2 90 0 y t ta ly

IgEof simplifies to Fg Ot x1 t ybotany E lx y
so tgf of y Ibo fancy in Key
Since heto to by assumption we conclude bo o ie ge of D

Note In both examples we have Tf is a maximal ideal ofR This is

a general fact

Proposition2 It R is a commutative Noetherianring of is an ideal whose

radical is maximal then of is primary
ProofSee HW2



XAMPLE R IKCx Y Hy z
2 8 15 E We have that P is

a prime ideal but P is not primary

Pf To check Pi prime we confirm Rip is an integral domain

K x y z

gghee xy z
1447.23 key which is a
Ix Z domain

P I I E 15 E I E It E IE

But IT E E 02 I D but je IEP so P is not primary
121 P isprimethnumazbelowh it can be checked by lifting to Rex y Z

a I 482 x d Ix z xz xy 22 1 2
X Z xy 221 Elkfx y Z

pl je dpt P g e x Z Xy Z X Z E x y z

Remark In Ex have je p but I E IT so this confirms thedefinition

of Primary ideals is notsymmetric in a eb

Lemma2 117Prime idealsare radical
12 For any primeideal P any no we have IT P

For 127 we show the double inclusion

P EP IT EF P

Given at D we have a EP so a e fr Thus P E dpt D

Summaryof examples Ofprime of primary

P prime P is primary LEX 3

IT is maximal f is primary



GOAL Write any ideal of R as a finite intersection ofprimary idealswith
different radicals H PrimaryDecompositionof ideals HR

For ideals Iiw we'll write IIIT Itw as a finite intersectionof

prime ideals lot I We'll call them the associatedprimesofW or Ilwi

They come in a flavors minimal or embedded The latter ones come from

embedded component of W Moreon this on Lecture5

I Q How can we ensure different primary ideals inthe decomposition
will have different radicals
To show this we need one simple statement

Proposition3 If of of are primary idealsof R with Ff EEP
Then ofM Rolf is also primary and ftp nl P

Proof The second statement followsdirectly from Lemmas below

It remains to show that of G n ng is primary
Fix a b ER with ab e off assume actof This means

17 ab E g t j l ok
Iii F j with a Ej
Since abe ofjo a Of of is primary we get be xp Perf
Lemme3 For any pair of ideals of oh we have lanata lotnine
Pt is clear because d n dz E di for i iz it presumesinclusions

F If he tap a lot F n Nz i s t an EM an e dz Then

for N max In Nat we have an E d Raz ie a e 19,707 D


