
 
LectureV PrimaryDecompositions minimalprimerofideals

Fix R Noetheriancommutative ring
Recall d f R ideal is primary if abed a d be F
Lemmon 111 Of ER primary IoT prime

127 IT CR is maximal of isprimary
El More on irreducible ideals

GOAL Write any ideal ofRas an intersection offinitelymany primary ideals with
different radicals Primary decompositions

PropositionI If of of are primary idealsof R with Ff EEP
Then ofM Rolf is also primary and ftp nl P

Proof The second statement followsdirectly from Lemmon below

It remains to show that of G n ng is primary
Fix a b ER with ab e off assume actof This means

17 ab E g t j l ok
Iii F j with a Ej
Since abe ofjo a Of of is primary we get be Mj Perf
Lemmet For any pair of ideals of oh we have lanata lotnine
Pt is clear because d n dz E di for i iz it presumesinclusions

F If he tap a lot F n Nz i s t an EM an e dz Then

for N max In Nat we have an E d Raz ie a e 19,707 D

To build primarydecompositionsofideals we'll take a detour Moreprecisely we'll

H define inducible ideals
121 construct inducibledump of ideals INeetherianness is keyhere

B show that irreducible ideals are primary



2 Inducible ideals

Definition An ideal RER is called inducible if the following holds

d d Mdz f sme ideals oh de of R d d o d d

Note The terminology matches that of affine subvarietiesofIA

I d d not Vid Ula UVida

The next result gives us a large class of irreducible ideals

Lemma Every prime ideal is inducible

Proof Pick P a prime ideal write P d not for 2 idealsoh dz
Therefore P E d PE dz

By construction oh dz E d Mdz P This gives
Claim A E D or Az P

Pt By contradiction if a Ed IP act da D then a az P
because P is prime but a az Ed Az EP Contradiction

Weconclude from here that ed P or dz P D

primary inducible seeHW2

Our next results guarantees irreducible decompositions of ideals exist

Theorem1 Assume R is a Noetheriancommutative ring Then any idealofR
is a finite intersection of irreducible ideals

Proof We argueby contradiction assume theset

E 3 MER ideal id is not a finite intersectionof irred ideals

is non empty Since R is Noetherian E must have a maximal element wit
inclusion Say R E E is such a next element



Since EE we know that I cannot be irreducible so we can write a as

a f ng for two ideals b 9 with a Eb 046
Since d was maximal in E then b G E Thus we can decompose b 6

b b n Nbs
6 6 n ng

with bi ind fist

G j t jet is

This given a decomposition of d b n Abs ng n mfs so 942
Contradiction Conclusion E 0 as we wanted to show D

To finish weneed to show thevalidityof 13

Lemma3 Irreducible ideals are primary ideals it R is Noetherian

Proof Fix MER inducible ideal to Rat is also an ined

deal in theNoetherian Commutative ring.TT In addition MER is primary iff 107 2
is primaryThus it is enoughto prove the statement for 10 whenit's inducible

Pick a b FR ab 0 Assuming at o we want to show b o frsome

For this we considerthe chain of ideals

AA Ann Ib E Ann 15 E e Ann lbk e Am Ibet e

Recall Ann1 1 3 y ER g x o ER is an ideal

Since R is Noetherian the ascendingchain x stabilizes so Fuso St

Ann 15 Ann bk then

Claim o bn n a

Pt We prove the inclusion Fl Pick x E 16 Ala

1 x Ela b e lab lol

X F b x shy go sme y er
b y o ie

yeAnn lb Aulb

Plugging this back in a gives x b y o D



Since lot is inducible by assumption 197 I 10 by hypothesis weconclude

that d by ie x o as we wanted to show a

Corollary1 We can decompose any ideal as a finite intersection of primary ideals
with different radicals

Pfl combine Theorem I Lemme3 to build the decomposition Grouptogether

those primary ideals with the same radical viaProposition i togetthe secondpart
ofthe statement

n radical ideals weget
Corollary2 Every radical ideal is a finite intersectionofprime ideals

Remark The construction for KCx xn powerseries rings is dueto Lasker19051

It uses inductionon n complicated eliminations The Statement and proof for

any Noetherian comm ring discussed above is muchcleaner It is dueto E Noether
119211

NaturalQuestion 11Arethese decompositions unique
121What do the radicals oftheprimarycomponents havetodo withde

52MinimalPrimaryDecompositions minimalprimes
Next goal characterize primary ideals in thedamp

analyze possible uniqueness
Theorem2 Let R be a Noetherian commutative ring A ER a proper idealThen

7Of Er primary ideals 1so proper such that

1 A of n nof Iprimarydecamp
127 P IoT P If are all distinct primes
3 Minimality The intersection in lil has me irrelevant terms that if
A jet yr Of D Agof no of canbeomitted from 117

Name A of are called primary components of d for thisdecomposition



Proof it follows from any irreducible deamp of d 1Theorem I 53.2

12 comes from grouping together primary ideals featured in 11 with thesame

radical Proposition i 54.1
13 is obtained from11 by removing redundant of s on RHS

Definition Theset 38 P I is calledthe setof Associatedprimesof de We
denote it by Assoc d

Remark Theconstruction ofAssoctoe is independentof theminimaldecomp
bit this is not obvious We'll see it in 5.2

One thing we can show is the minimal primes over d always lie in Assoc Oe

Definition given or ideal P primeideal with de P we say is a

minimal prime of d if P d or if M is Not prime H P prime
with a EP EP Wewrite Min Oe forthesetofminimalprimes of d

Our next result ensures Min d is finite
Lemma4 For any proper ideal d of a Noetherian

commutative ring R we have

Min Oe E Assoc de

Proof Next time

Corollary3 The set Min 102 is finite

Note We are not using that Assoc de is independentoftheminimalprimary
decomposition of de just that it is finite to any such decomposition


