
 
LectureV1 Associated primer of ideals uniquenessofminimalprimaryamp

Fix R Noetheriancommutative ring
Theorem Let R be a Noetherian commutative ring AER a proper idealThen

7Of Er primary ideals 1so proper such that

1 Ol of n nof Iprimarydecamp
127 P IoT P If are all distinct primes
3 Minimality The intersection in lil has me irrelevant terms that it

jets yr Of D Ajof no of canbeomitted from 117
Name A of are called primary components of d for thisdecomposition

Next goal characterize primary ideals in theminimal decomposition
analyze possible uniqueness oneitherofi's or Pi's

Special case a prime Then d 9 n Aof givens Ofi Ed
prince

forsome i byprince avoidance SinceOleg we get a fi
So a minimalprimarydecomposition has r L

1 Associated primes minimalprimes

Definition Theset 38 P I is calledthe setof Associatedprimesof de We
denote it by Assoc d

Remark Theconstruction ofAssoctoe is independentof theminimaldecomp
bit this is not obvious We'll see it in 5 5.2

One thing we can show is the minimal primes ones I always lie in Assoc Oe

Definition given or ideal P primeideal with de P we say is a

minimal prime of d if P d or if M is not prime F P prime
with a EP EP Wewrite Min Oe forthesetofminimalprimes of d



Our next result ensures Min d is finite

Proposition1 For any proper ideal or of a Noetherian
commutative ring R we have

Min Oe E Assoc de

Proof Write a minimal primary decomposition of de 1Theorem2 55.2

or 9 n ng EP
prime

Prime avoidance says F i l r with of E P K

Recall Induction m r induces PrimeAvoidance to thefollowingstatement

f n f E P be 6 ideals be Pos 6 8
PT By contradiction Assume I b E b D C E G P Then

b c e b E e bMY EP but P is prime b cel 8 Contradiction

Taking radicals in gives If P E f P d e Fr e Pi EP
since P is prime minimal over d then oneofthe following holds

M P d or k d is notprime so Pi P

If it holds then d Fe l of n not If n n lot
prime

so

2

9 82 P R APr By prima avoidance Fist r with Pj E'd
Sima d E Of E Pj byconstruction we get R P Pj E Assoc al
Thus from In a 121 we get PE Assofoe D D

Corollary1 Theminimalprimes of d appear on anyminimalprimacy decomposition as
radicalsof some primary components

Definition The set Assoc a Min a is called thesetof embeddedprimesofa
1Theycorrespond to embeddedcomponents of affine varieties



2 Uniqueness ofminimalprimarycomponents

Definition Wesay aprimarycomponent of of a is minimal if GEMinIde
Theorem Fix an ideal d of a Noetherian commutative ring R a minimal

primarydecomposition oh of n Aof If Ff EM in Id thenGj is
uniquelydetermined by R thus features in any minimalprimary decampofd

Our next result will be abut to proveTheorem1

Lemma Fix of of z primary components of an ideal a Iso P Hof Tf
If P E Min10L then I I P

Proof By contradiction If of EP d e of EM E tf Itunesprime
4 Oh is prime so Off'sde which cannot happen

121 d is notprice 197 P Contradiction

Thestatement can fail if P ElRinDe see HW2Problem8

ProofofTheorem1 Write Pe Tf Kl

Assume Min d 3 8 Pal if not under the A's
Given i s ok we want to give a characterizationof if in termsof R R
We will need to do some localizationawayfromPi
We simplify notation write of fi Pie

Since P is prime S R D is a multiplicativelyclosed set inR II
We can consider the localization S R 3 I re R r e 5

i

Here I n at it f s E S with n Is a sa l o

S R is a ring with operations modeled in those in Q



We have a ring homomorphism j R S R fthe localization
r f

lemma 2 below gives the desired characterization to of as j 15 d D

Lemme2 Fr P of a d as abore we have of j 15 d

Proof Byconstruction j 15 d 3 re R seed for some se s
Weprovethe statement by a double inclusion

Pick a E j 15 d Estisof Ites such that at tae of

ate
Since of is primary thisgives either at Af or te FP
But TES mains te P so this forces at of

El By Lemma2 we know that fr ing off of we have Of P In

particular 5 of 5 R Exercise

As a consequence s'd 5 19 A not I 5 of n n s of

RI n nsign A 5k 5 of
itspot

515 d 5 15 d 2,9dam me

The proof of Lemme2 fails if P EMinkel becauseLemma i can tail

3 AssociatedPrimes

Theorem Asso a is independent ofanychoiceof minimal primary decomposition

of the ideal ol

To pwn the statement weneed the followingauxiliaryresult



allowing any
LemmaB Fix a commutative ring R a primary ideal of in R WriteD Tf
Fr x E R wehave

l x e of I of c R
k x4of Idf x is primary 110ft P
3 x 4 P Idf x of
Here 1Of x 3 a ER axe of

Proof it is by definition of tof x because I e 19 x x i x eof
131 We prove f since Of E lof s is always valid

Pick a e 19 x ie ane Eof Since of is primary ice if we have a c Of

12 Wr first show that iffy P bydouble inclusion
Of E Ifind so hot P E lift

El Pide y e 19 x so x yeof Since x of e of is primary we have yeftp.P
Conclude Of x EP
Next wecheck 1Of x is primary By N weknow it is a properidealofR

Pick a b E R with act19 set ab e tf x Then ax of but axleof
Sina of is primary weget b e lot P diff as we wanted D

The proofof Theorem2 is a directconsequenceof the following characterization
ofAss109 38 Prl

Topsition2 given a minimal primary deamp of de with assoc princes 18 D

we have 38g Pr 3 IMF x ER float is a prime ideal
d d

dependsonthemin independentofthemin
primary decomposition primarydecomposition

Proof White a minimal primary decomposition foe

or gin not with loft Pi




