

















































































































LectureV11 Hilbert Nallstellensatz

Recall Basic duality for affine subvarieties ofIA

ALGEBRA
I

radical ideals I
GEOMETRY

of Ky xn

subvarieties

TIA

Proposition 111 If We lit is a subvariety then VII WI W
121 For any ideal de E Next xn I Vide 2 Toe

Natural questions for I K
Consistency Canwe determine if a solution set is empty or not
AYes IHilbert'sNullstellensatzl
Finiteness Can wedeterminenumberofsolutions If finite can we computethem
Dimension Can we determine the dimension ofa solution set Haris

LocalParameterization Can we parameterize a subvarietyof lit by a

map 1km I 1k with natural function

A Not always

Implicitization Canwe determine equations cutting outthe imageof a

rat l mapQ 1km 1k A YES usingelimination
Grabnerbases will help answer someofthese questions
1 Hilbert Nullstellensatz

Hilbert's Nullstellesat INall Zeroes Stellen Location Satz Theron Statement

wellensure the basis duality is a t to i correspondence when IK II
Thestatement has 2 versions a strong me a weakone Ispecial case W D
hilbert'sNullstellensatz If IK I d e taxi xn is an ideal then

Stringrusin I trial To




















































































































Remark We know It x is radical forany variety I Noe 202 so

theinclusion It is always true we don't need IK IK fo this part

The next statement characterizes emptyvarieties landjustifies the terminology

WeakHills Nallstellin sat If IK d is an ideal ofKix xn wehav

Via 0 or i thx x

Remark Can thinkof this as a FundamentalTheoremofAlgebra formullivariabl
polynomials on Q

Proof is direct

Follows fromthe StringNullstellensatz Indeed it Vldl 0 then

of I Via Ild R This say that ie lot ie 7ns with
1 9

N
f oh so oh 11 as we wanted

Interestingly enough we can show thatboth statements are equivalent
LemmaI WeakNullstellensatz Strong Nullstellensatz

Proof Since Rex xn is Noetherian we will write d the fs t

some choiceof polynomials hi its
Fix f e I Vial We wantto find me with the de ie 7g g
with f Ei Sjfj
We prove this with an ingenious tick Rabinovitch'sTrick introducing an

extra dummy variable 11929

Consider the ideal É s I ti e f
se

t YG I E Ik x xn y
V1
MIKIXin Xu Y

Claim V18 of
PH We argue by contradiction pick c fan an b Is b E V IoT




















































































































Theis I satisfies 2 auditions fromthe generators of E
1 fill fs is o so I E V f fs VI th Est Via
127 I b f ie o so flay to ie tf I sat
Theis Fel Illas 2 I IV d FEI viol by hypothesis Gtr

4byH

Bythe weak Nullstellensatzapplied to E we get d 1 flax xn y
That means 7 hi ha h E Mex y with

Hl I EI him y fine t h It y tail
1191

Set m max diggth l dugIhs digyh 30 multiply
bothsides of t by fix i

fix I fix hi ixget tix t flyheyy ti g tix

Then setting y y fires

on

man

sin

this
Hence f E f fi Fs Kex Oh as we wanted D

2 Proofsofthe Weak Nullstellensatz
There are several proofs of this statement
Elementary proof using Grabner basis will do this in a future lecture 61 sky
Special case characterization of maximalideals ofKex xn for ik TK
I CommutativeAlgebra heavy proof usingGoing up Thrown Noether Normalization1

Next we outline proof for the non trivial implicationoftheWNstatement

Proof will be discussed next time




















































































































Proof 1 We will show the contrapositive ie d f Ci Vid 0
Theargument will involves intersecting d with hyperplanesXin a n xn an

x a forsuitable an an a Elk so that each ideal

oej for taxman Xj ap Akex xj i
remains proper

By induction it suffices to show this for one step Fix an taek

Claim1 An 4 I Ife a where fix xn i fix xn a

Pf We show the double inclusion

E If GE la t xn a In kex xn is then

Six xn it fix at t hix xn y Xn at is indep ofXn

Evaluating both sides at xu sa gives fix xu T t hix xn i o

F Writing fix xp If fj it Eoe for x hi xu it

fires fixing Eo tix E in a xn a

FI fi ixia t fi fix É II at kin at
Iko fr all j k o terms for all j 1

In an a lfif.tn isn

Conclude Fix fat Six In a so Jean
HCI's n

a xn a

Claim 2 If I k and d f Kix x then there is a Elk such tha

an E kex xn i
Remark Proofof Claim 2 requires us to pick a suitable setof generators told
la f buy basis will respect to the lexicographicorder We will prove this claim
in a future homework after we've seen Grabner bases




















































































































Induction m n a bind with Claim2 allow us to pick values an 9

so that d f 4 f la an feel byClaim 1 is a properideal

of K Since IK is a field we get d 10 ie fie so t tea

This shows F E E Vor ie Vla 0 D


