

















































































































LectureV11 Hilbert Nallstellensatz I

lasttime we discussed the following 2 theorems

hilbert'sNullstellensatz If IK I d e taxi xn is an ideal then

Stringrusin I trial Foe

WeakHills Nullstellarsatyr If ik d is an ideal ofKix xn wehave

Via 0 or i thx x

Remark Can thinkof this as a FundamentalTheoremofAlgebra formultivariable
polynomials our Q

Lemma Strong Weak versions are equivalent

Wediscussed a proofoftheWeakNallstellensatz via slicing with hyperplanes Xia
TODAY we'll discuss a different proof using NoetherNormalization GoingUp

si Maximalidealsof Kex xn when I IK

Ourfirst result characterizes maximal ideals of IKCx Xu when I 1K

Theorem1 Fix IK ik a field Then allmaximal idealsof Ktx xu

are of the form Ma Ix ai xn an for some e la an EIA

The restof today will be devotedto provingthis statement But first we
discuss 2 heyconsequences of this statement

Corollary1 Weak Nullstellensatz

Proof Since d f taxi ha is a proper ideal we can find MEIke
maximal ideal with a e m By Theorem't we have M Ma forsomeE EIA

TEK
Taking VI we get the reverse inclusion VIOL 2 V Ma 3al
so V10 I 0 as we wanted to show D




















































































































Corollary2 Fix an affine subvariety we ik If It 1k there is a

t t t correspondence between

ideal points of w a
t t t

s 3maximalidealsof Kex xD
containing I 1W

a t Ma
vim s i 5

Remark We emphasize closed points because in scheme theorythen an other

points on an ath'm scheme Spec IA for A a ring

Points of Spe 1A t PrimeidealsofA

so if A is not Artinian we have prime ideals that are not maximal In particular
wewill have generic points ie thosewhere 3pA SpecIA these willcorrespond
to minimal

2Proofof Theorem1

It is clear that all Ma's are maximal because kYg e IK ria

Iko Alex xn IK
i I Yi ai

k k

To finish pick ME kex xn amaximal ideal Wewant to find EE Y
with M Ma Since M is maximal we get that
111 MAI 309
127 the quotient ring Li Kai x Tm Ik ft in is a field

combining a 12 we see that IK Cs kex xD L
n

x I
induces ik Is L ie Lik is a field extension




















































































































Claim LIK is an algebraic extension

Assumingtheclaim we can prove the theorem Indeed since Lik is

algebraic and I K we get L lk ie 4 is surjective

Choosingat an elk with Maj xj for all j l n we get
x j aj E M Yj l n

ie Ma EM Since Ma is mel M is a proper ideal we conclude that

Ma Mi as we wanted to show D

ProofoftheClaim We do this in 3 steps

STEP 1 Find an intermediate field Kc SC where

I finite extension 1 so algebraic

µ purelytranscendental

art S lk.ly get forsome y i get L algebrainally independent ones IK

STEP 2 Show S is a finitely generated IK algebra

STEP 3 Conclude that k o when ik is infinite 10k it I K

STEP I will be addressed by Noether Normalization

STEP 2 an auxiliary lemma IUse that his finite
Next we discuss STEP 3

Pick Zi e Ze E SEL be a collection of generatorsof S as a lk algebra
ie S IKCz Ze modulo relations

Thedefinition of S gives us zj gjigiiit.gg for 5 il

where Pj Qi Elk y.is g k
Claim The polynomial ring IKCy

Ig g
u forks hasfinitelymany ineducibles




















































































































PHPick anyirreduciblepolynomial fto in IKEp ge E S field so IES
We can find a polynomial Age Ikki iz e so that I A iz z

Bydefinitionof z Zn weget I
Pl is i but where

dig i yin
Q I did Qed I di digz Al for it il
In particular f I Qj for some j i yl
Conclusion t E Y'Sirreducible factorsofQ which is a finite list

But ik is infinite 3Y t Epic an all inducibles one lkfy.is iga
This contradicts the claim which is valid for 631 Thus 6 0 D

Next we statethe auxiliary lemma needed for STEP 2
For theapplication we take R Ik S 1k1g ga A L IKE I

Lemma I Let R be a Noetherian commutative ring S R any subring
of of g R algebra A If A is finitely generated as an S module then

S is a finitely generated R algebra

IRecall B a t g R algebra ift
7 REZ 2 m S ring Rmodule

homomorphism

Proof We write A KEI xi kex xn II for some ideal I

I the enables x x have no relationto those in the proofofTheorem1

Fix y ym E RCE tn generators of this S module again y gm

has no relation to those in STEP 1 In particular we can write

i I hi y for ai je S

In addition Yi Yj II bij k Ya fr bij k 5

Consider the subring RCS C S generated over R by 39 is bi j k g




















































































































So i R E ai j bi j k C S

the relations amongthegenerators are implicit here

Summary RCI Tn Noetherian ringbyHilbertbasisthan

a Noetherian quotientsofNorthringsareNeth
Somodule 5

I

Noetherianring 11
R f SRalg

i Since So is a f g R algebra quotientof a polynomial ring on R
know So is also a Noetherian ring
127By definition of fo y gm E RCI In generate this ring as an

So module

Consequence S is an So submodule ofthe Noetherian So module RCT In
so S is f g as an So submodule

Claim So is a f g R algebra
S is also a fig R algebra

PH Writ generatorsofSoren So i 3 s s r E use the fat that S is
ring to conclude

Rhi j bij4 Is is 3 Solti is r Sing
formalpolynomialwing

map restricted to R is imc R S D

For STEP I we need the following statement whose proof willbe given nexttime

Theorem 2 NeitherNormalization Let IK be a field and A a finitelygenerated

IKalgebra Say A K x xn I Kfc in Assume A is a domain

Then I k o u ya lyfe EA algebraically independent our K




















































































































such that A is integral era Key yet
Recall reA is integral our S it 7 LE's a monic with firs o

In the application we observe

Quot la

A

intend

finite

1K1g it Quot11kg y

My yr
purelytranscendental because y y y

IK


