

















































































































Lecture IX Neither Normalization

1 Neither Normalization

The statement hasmany incarnations We choose the ones that are more

interesting for concrete computations lie one where we know howtobuild
gin ya Thetheorem is valid for general fields IK

Theorem I NeitherNormalization Let IK be a field and A a finitelygenerated

Kalgebra Say A K xp xn I Kfc in Assume A is a domain

Then F r D u u sur EA algebraically independent our 1K

such that A is integral era Ka u Moron r tides Quot At
Recall reA is integral one S it 7 LE's a monic with firs o

Proof If 3x as are alg inclip ones1K the result is clear since
Quot A K x xn

every elementof Quot Al is algebraic over1K henceintegral one Ikfy yn

Otherwise we proceedby induction m n

Basecase n o Theresult is clear since A Ik

InductiveStep Pick a o an algebraic dependency relation amongXi x

Ig E a x xi s o with a Elk so

IDEA If F it n sad that Ltx Ig Elk ice the largest
monomial in Xi variable in g is a purepowerof xi l then

gig gElka xn

ismimic in x so x is integral over Kfa Ii xn

A I xD y integral
F IKEx Xi xn domain f g ik algebra

I
IK




















































































































The inductive step on I will produce lui Url EI algebraicallyindepender

with A
Eia internal

Ma ur becomes integral by the

transitivity of integral extensions

ik
If no such Xi exists we'll need to do a changeof coordinates to achieve
this thatnecessarily liner I

Consider a 11me e mu set gg xy x it for is
Substitute xj y x J in 1 By construction IEx xin becomes

x t polynomialwith no purepower in Xa
with all monomials ofdegx C E Y

Expanding the relation inKfy yn xp we get i

fix I G X t fix yes yn
to E Mlse gully

wherewe monomial in f is a purepower of X Furdermore byconstruction
wehave dugx 18 a deg 1g if the expected degree of g f is

attained We will achieve this if no terms in g t cancel out We

need to pick suitable in for this to happen

Next we pick d I for example d 112.11g with as to setmy d

sj 1 If so i I me If I via writing Ions in base d

This choice ensures that as x t o in kex The degree
constraints allow us to find cell 309 where c fix Elkfy y x
is mimic in x CS ix l o Thees x is integral one Kfyz yn

Since A IKExa xn x k x ya yn becauseXy Yj xp o f j




















































































































we conclude that A Kai ex n is integral one Kcya yn
A Keys Tn Xi
I f integralIK ya bn domain

8gIk algebra

By inductive hypothesis we can find 34 ur4 alg indep on IK with

K yet Mn
integralI

IKcu gud

K

By transitivity of integral extensions we andude A is integral or Ikea af

From Quot A

thin ur
I algebraic we include that r tidyQuota

Is I tidegr

Remark The roof gives as an algorithm forcomputing su 4,5 in Neethepsition

If 3 1 xml are algebraically independent on IK we take ni xi fr all i

Otherwise upto reorderingof thevariables x x we can write y x

y Xi xht for it r Is suitable d so

Thed willbedeterminesfromthe algebras relation aning x Xu

Recursion will give up sur

The following lemma is dueto Noether simplifies theconstructionoffun su in

neither position when IK is infinite

Lemmat If M is infinite we can take us up to be 1k linear combinations

of x is xn I a generic one will do




















































































































Proof It's enough to discussthe case where 3 1 xus are algebraicallydip

We proceed by induction on nisi starting from the non trivial relative

1 I a x xi so with age 1k so

Base case no A K x is integral one IK 34 are 0
InductiveStep Pick u is set yi xi bi x for it in

Rt tobe determined
Substituting xi yitb.it m we get

Sixt Elba b.nl x If cjlb.es binya syd x Elk Is g x
where d max 11211g

By construction calibre ibn If ay bit
but o in Ncbi bin

Since IK is infinite we can find be ibn E hit with cCd is su to mlk

t followsthat c g E lK ya yn x is monic in X vanishes m Xi
A Nl
1

Then

y

internal
Kfyo Yu domain

By inductive hypothesis F ar su k liner combinations of ya yn with

j
integral sun very alg indef om ikIKI out

lui ur 9 are K linear combinations of x xn A is integralones
IKfun ur as wewanted D

Remark A generic IKlinear combinationwill suffice since thecoefficient must lie
outside a finiteset of hypersurfaces leg by ibn must lie outside Visa








































Example A IKCx.gl
yz zax.s

for a b Elk lol weassume chalk 2,3

Then A is an integraldomain Quot IA is the function held of the elliptic curse

V1 y x ax b EH Idg Quiet Al L

In the Noether position we can take 3 6 n 3yd

3 y xd for dy

3 g tix for a generic
Note y is integral on 1147 Quota Kix 3 2

x 1191g Quot Al 1K1g 3

For 3x 5 y x I so 15 x't X ax b 5 t x'd 2 5 x ax b
say x'd x ax b 152 2 57 0 so x is integralones IK 5

u j y xd work for anyd 3

For 3 x 5 9 text so J ex x ax b c x x ax b life
say X t c'x2 ax b t 52 ex o

the LI I is nemo so any elk works

so is integralones Kfyy

u J Yt ex works for any cell


