
 
Lecture X CoordinateRings Morphisms

So far we have described theobjects of interest affine subvarietiesofHh
Next weconstruct functions between these objects to obtain a category

i Coordinate Rings

Definition Given WE 1AM we define its coordinate ring or the ringofpolynomialfunctions
on W as IK W REXis X

pw
Note Weknowfrom LemmaG 53.2 that Itwt is radical so Kfw has nonilpotent

This lackofnilpotent will bedropped whendealingwith Schemes

Q Why is this called the ringof polynomialfunctions

A A polynomial f Elka xn defines a function f Ah IK Ah
P to Gif

However 2 functions f g on 11th restrict to the same function on WE Y subvariety if

andonlyit ftp g p to VIEW Equivalently if f f g E I 1W Thus

I 5 in IK U
The lackofnilpatents folkCU ensures that wedon'thave f with fm pyo Eperbut f to on V

The ring 111 w admitsmany presentations so It w cannotbe recovereduniquely

from 111CW Eg IK Hi REX K x
y
I

In affine schemes the space is determined by its ring of functions so

the presentation will be irrelevant

Remark W is irreducible a 1K W is an integral domain

This construction allows us to build relative basins of V1 I l 7 to freeourselves

from the ambient variety 11th



Definition Fix Y E Aik an affine subvariety

A firm a subset S E IKCy polynomial functions mY wedefine its zero
loins as Vy S1 3 XE Y fix so tf E SE C Y

Any such Vis is called an affine subvarietyofY

4 Given a subset W CY the ideal ofW m Y is defined as

I y 1W I KE IK Y i fix so DXFWY E KEY
The following results intend those when Y 11th t the relative sitting

Proposition i i Let YE4th be an affinevariety Then

111 Y17,1WI W for all WEY affine variety
121 I Iw Elkfy is a radical ideal

137 Ill 197 2 fr to every ideal d of Key

Ive Nullstellensatz Fix Y E11th an ath ne unity assume I Ik

Ginn R E key ideal we have

Stringversion I Ny191 Be in key
Weakversion K 191 0 E d lil KEY

2 Polynomialmaps between affinevarieties

firm V EMI e W E At our next goal is to definemaps 4 V W compatible

with thealgebraofaffinevarieties What conditions we want to imposem Y

u Maps shouldbe continuous with respect to the Zariski topologyonboth V W

et It W Ah we should uconn Ku whichwe identified with polynomial

maps V Ale
In general maps V Yc built outof functions m V lie lK V3 so we

need m triflesofelements on IK V3 to define 4 In short 4 a Kevyn



IReason we have n natural projection FAh Ah I texj j ti n

fj joinco 4 U Atik should be a polynomialfunction m V I
131 Compositions should be allowed id V V shouldbe allowed

191 Hewing Mcw as maps IN IA c Kcr as maps V 11th

we see that any gelkfay should give us an element ofMCU via

u tie

This will lead to a map 6 Mcw ku calledthepullback

I general viewing U W otic we see that mops
4 V N come from polynomial maps whose image lies in W

Definition Apolynomialmap or morphism Grimm V to W is a map
4 V w such that there exists fi Gm f lk u with

Yip hip i fulfil TREV

Theset of morphisms is denoted by Hom IV W

Examples 111Hom Iath AI Next xn
121 Hm IV Miel KEV
137 If U E W is subvariety then ins Vas W leis inHomNW

l we HY so 4 15 exit tie Kev
In particular Itv V U E Hm IV V1

Next we check our wishlist of properties for Hm IV WI
Proposition2 Any YEHomNW is continuous when V W an endowed

with their respective Zariski topologies



Proof If ZE W is closed then 9 IZ 3p EV fippl trip EZ
Since W is closedin AY then Z is closed in htt ie Z USt fo sme
S El Si is I E Ikf xp xm In particular

n EEE É
So 9 iz is an affine subvariety of Ahc e 4 iz sV Then it is closed

in the Zariski topologyof V

anchusin primages of closed sets ofW an closed inV so Y is continuous D

Next we check auditions that maps on a category must satisfy

Proportion3 11 If YEHmlVWI YE HomIWZl then 404 Etim IVZl
12 II U V E HomN WI

Proof A Compositions of polynomialfunctions are polynomial functions

If Y hi stat 4 18 g s si eRew Ijf Iker
Then fi tf fu ip is well defined in petbecause hippy hip FW
e thevalue is independent m the representative of fi eKew we Lif IK u
R I lx i xn if V EHh D

Our maintheorem confirms that thedata of a morphism is purelywig theoretic

Definition firm Ye Hom IVWI gelkew we definethe pullback

4 8 goy Elka

Lemma 2 Y't MCW s Ker is a k algebrahomomorphism

Proof We checkthe 3 auditions for being a ringhomomorphism
it 4 19181 ft of go9 I fol 48149L



Iiit 4 11 104 1

iii 4 158 19404 foll 1104 4451.444

Next we check that 441k ask Kev
4 1 It hot I ink quit D

Theorem2 If VERY WE Ain an affine subvarieties then4154
defines a bijection

Hom IV W 34 Hwy Kiu IK algebrahomomorphisms
4 p

Proof Wr insiderthe coordinate function Yi i Ym Elk W

OI is injective 4 15 fml Y If tn ftlm1V WI with

0 9 ie got got EMU t se Kfw
In particular for g Yj we get yjo4 fj yjok FJMIK.VE
Then It fm fit it m V W ie 4 9

OI is surjective Fix 4 Kfw Iker IK algebra homomorphism consider

fj 41g E Nfu Is all i t im

Set 4 16 b lil 1A
Claim Y f E W Hf fu so Y E Hm IV W

Pf We need to show that t ge Itw so4111 0 KIEV
For any g e Ker we write g Easy IN Then

14151 4 Eadyk Ia Yay as It 9181 rm Elko
homomorphism

ofIK algebras
4 51 fi goy



By construction 4151 to Elka whenever gf It wt because 4101 0

Then it fell Y flip 8 I film fulfil
We conclude that filet fulfil E V I I wi W

Claim 2 Y Y s I 147 4
PH By l weget 41g gif fm go4 9 15 Age1kW

DemarkTheorem 2 is what determines morphismsbetweenaffineschemes Wedefine
schemes by identifying thespace with its coordinate ring so I will
bedefined tautologically

Ourconstruction is not well adapted to local behavior leg holomorphic
functions on connected ten subsets of f us these defined m all at Is this

reason we will like to extend the notionof a regular function to open subsetsof

AY In subvarieties we litYet with respect to the Zariskitopology In doing so

we'll arrive naturally to the notionof sheaves


