
 
Lecture XI Rational Regulartandems

Recall Given UsHis We Hic we define a polynomialmap 9 a mophis
4 V W as I t fi f m t for some fi f ik cu it is im

Tuam HmN W I 4 V W polynomialmap If 344W MfV ikalgebra
hmmurphism
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V 11th morphismy

I More onMorphisms

Lemma I Mo Y 4 4 t idf id
nay

Proof Direct fromthe definition

Definition Twoaffinevarieties U W an isomorphic if F YE Hm IVWI
YE Hm IW VI s t id Y Y W W id Yo Y V V

Combining the Lemmon theTheorem we get

Corollary1 Two affine varieties are ismsphic it andonly it their coordinate
rings are

Example Y Ale V y x HE is a homeomorphism but not an iso

t t t t

elk y x e ik ft 3 Mft is not an isomorphism

Later on we'llsee that these varieties han the same dimension 1 11

As wediscussed in Lecturex this construction is a bit too restrictive in analogywith
holomorphic functions defined on domains ofA rather than on all d For this

reason wewould like to extend our notion ofmorphisms to a local s T ie to

ten subsets U ofV with respect to the Zariskitopology In doing so we'll arrive
naturally to the notionof shares



From now on we restrictto irreducible affine varieties since a map
Y V W m a reduciblevariety V V V UV Vi irreducible ti

correspond to r maps Pi Vi W that agree on the oralaps

Definition We say a map Y U W is dominant if I W

Note Thes is a better notion thansayecting since Yiu neednotbe closed

Lemma 2 It Venti is irreducible then M E W E IAI is ineducibl

Proof If F Z U Z is a decomposition of Ivy withZ Z
closed we get 4 Iz uz 9 z U 4 ite V is a decompositionof V

tune
Sima V is irreducible we have U 4 til fr some i i 2 Thus

4101 414 117 E Zi Taking chosen we get five Zizi

Corollary 2 We can always reduce our study ofmorphisms in particular prod
to the case when V W are both inducible the maps V W

are dominant

2 Rationalfunctions on irreducible attire varieties

FixWentian inducible affinevariety so 1KW is a domain

Definition The function field of W on the fieldof retinal functions onW

is the field IK N Quot Mu
Examples O K ath Ik Ix is exnl

W 3 y x's filth then IK Iw Quot KCIE Nlt
t theW 4 y x x E e 4th then KIWI e Kix y ly2 3 xt is



a degree 2 extensionof IK x
Reason K w IKEA 9 2 3 x infinite so y P X E IK W

IKEA
instance Ana invertible

in
L K May yep x

is a field Kew E L E IK 1W

Definition A map Y W 4th is rational it F g h E Kew h to
such that Yip Ig Ape W

Domainof4 W a 3p I hip of W ADth is densein W

Tha si open forthe Zariski topologym Ai
because W is irreducible WAD h 0 is an opensubsetofW
Observation 44 Waginghogtie KIWI

From this we get a natural definition for rational maps between inducible

affinevarieties As in the case ofmorphisms wehave a wish list

If U W an inducible rarities then anymorphism 4 V W shouldbe

a national map
Composition of rational morphisms are rational morphisms

su V V is a rational morphism

Compatibility with pullbackmaps Ralinalmaps must be continuous in the
Zariski topology

Rational maps from W to lithic correspond to KIWI
There is a single possibledefinition with these properties

Definition Fix VERY WE hi inducible varieties Anational function
from V to W is a map 4 V s W defined in a dense ofen of V by
a collection Si Sm E lk u hi yhme lk u 304 ria



Yin II i step trev

Domain VA Dth h AD nm VAD th hm is dense in V
because hish h m to in Mcu so VAD h is a nonemptyofen in V

thecause lÉU is a domain

We write Rat IVWI for thesetof all rational functions from V to W

Remark From the construction wehave for free Keypart for
is to noticethat preimager ofdense opens under national maps are dense
ofens so Dom fog e Dm is is adense open set of V if f Y I arenot
Continuity is left as an exercise Compatibility with pullbacks is a direct

consequence of the next result whose proof follows verbatim fromthe polynomial case

Theorem 1 If V E ie we Hit an irreducible affine subvarieties then
41 4 defines a bijection

Rat IV W I 34 My Ky Ik algebra homomorphisms

Y y
Furthermore M off Yet04 t tidy id am

Definition Two irreducible affinevarieties U W an binational to eachother if

if 7 YE Rat IVWI Ye Rat Iw uh s t if Y Y W ow

id Yo Y V V

Corollary3 Two inducible affine varieties on ill are binational it andonly if their
function fields are isomorphic as extensions of IK

Binational varieties need not be isomorphic Our main example to
this will be blow ups



Regular functions on irreducible attire varieties

FixWentian irreducible affinevariety so 1KW is a domain

Definition Fix UE W an opensubset and let 4 U Ahbe a map
11 given a pointpeu we say that f is regularat p if in someopen neighborhood

ofp with V E U we can express flu as I when g h e kCz zn with

h is nowhere zero onV Note V E Din nu by construction

2 We say Y is regular at U if it is regular ateverypointof U
A function YW H is regular if I suit E W openover where Yi Yu i visit ik
is regular at Ui for all i

The pointofthe construction is to see if functions m Ui's can be glued to a
function off This willonly happen if they agree on theonlaps

Lemmon3 Zero loci of regular functions to Alik are closed
given U E W open 4 U H'm regular then V14 XU 41 1 04
s closed

Proof At any pEU pick pe V E U open S h E NEX h nowhere
Zeno m Up with Yiu Sh Then VpV14 3 x EV six of is
ofen in Vp hence in V Conclude U Vip YeoNpViel is open in V D

Corollary4 Two regular functions 4,4 W Al agree it andonly if they
agree on a dense ofen subsetofW

Proof Y Y W he agrees with theconstant zero function on a denseofenset

So V Y Y is closed byLemma3 contains a denseopen U E W Therefore

W T E F 7 V14 YI ie 4 4 onW


