
 
Lecture X111 Regular functions shares

51 Regularfunctions when I 1K

Our nextgoal is to prove the following theorem characterizing regularfunctions
when I 1k

Theorem Fix W e lithic inducible assume I 1k Then

y KEW I 01W E IKIW via f f
127 The map W 3Maxideals ofKEW Y is a bijection

P to Mp

13 Regularfunctions d p correspond to localizations atMp
For each p Op E Kew

Mp

Remark The statement fails when tf IK Forexample Yax 1g
i Alr Alr lies

in Utah_REAR
Proof 2 followsfrom 11 and the characterizationofmaximal ideals ofIKEW use

to provethe weak Nullstellensatz

For 11 and 13 we need the following result

Proposition1 Fix W irreducible ft Ikaw then

Dial 3 In SE Kew ne 21
W

In particular fo f weget OwlW Ofw KEW E KIWI
Proof We prove the double inclusion f

f is clear because f is nowherevanishing m Dlf

F Fix Ye On ID181 We needto show that any local representationof4
Gen be made to have the form fan forsome gelkfu he2,0 For this

weneed to adjust her given local presentations
Fix PED is Since 4 is regular at p I openU with p EVE Dlt



sp hp E 1kW with hip nowhere vanishingm V s t 4 u Spy

We can shrink V to a basic open in Dif antaining p Call it KD fp
Die Wehere in Sf Spf on Blip

121 hpfp is nowherevanishing mDkp
4 PEDIhpfp DIfp E D f

Conclusion we can replace Sp by Sphp hp by hpGp assume Y sq
on D hp
Advantage The new sp hp both vanish on Vihp MD f D If D hp

To finish we need to find gElk w nth with
Sf In Kp

Chaim F E YChp p EDI
BY The collection D 3Dftp.lpep is an open cover of Dlf so

D If peg D lhp

aking the complement inW weget Vhf pep Ylhp Y Chp ped1817
Since Ilk Therelative Hilbert's Nullstellensatz says
GE Il 18 Infunkhp peDas I hp pedal

o F ne 21 finitely many p Ps ki Elk W fr i t s wit

f ki hp Set g É hi Gp

Claim 2 Y g Equivalently In Sfp m Dilip Shp Spf millhpl
In allp ft la

Pf We first relate the presentations off ontheosclaps oftheopencorerD ofD If
Pick P p ED IF assume U D hp nD thpi I 0 By construction



me

Note Sphp Spihp in k

Sphp ravishes on Y Vp hp UVa hpi by A
Spihp

Consequence sp hp Spihp on D K U U Y

I finish she Eihighish
spE kihri sp t

on Dlf hence this timeon Blhp D

Corollary Regular functions on inducible affinevarieties on Tf IK are localizations
Given WE ie inducible with TK k any f EMCW thenOwDit

s isomorphic has a lk algebra to the localization of Kew at the

multiplicaterely closed set 38 ht 2104

Proof IK W 2 OwlDial is well defined because Kfw
is a domainIn I In

d is a ik algebra homomorphism by construction
L is injective by construction
x is surjective by Proposition l D

Finally we provepart 13 of the Theorem

Recall we have natural maps lKw 61W Op KIW
f f

I where h nowhere
O manbadofp

Note Mp E Ofw KEW is a maximal ideal any YE61W Mp is a unit

in Op



Thus weget a mop KCWlmplliwlap
I Op

f f forany g he new h Mp

Iis surjective Z EOp I fell w with tip to Sih E KEW
I so PEDIf EW

uch that 15 In as regularfunctions with h nowhere zero on Def
Since hip hip to we andude h h Mp so f Elk wimp
OI is injective I if o e Op I felkew with hip to such the

with hetMp

h is nowhere 0 on DH El Dia 0
Dif

Since h is nowhere 0 this last audition is equivalent to
gigg 0.47

0 an

ID18
function on DK Since g o e New an continuous functerism W and

agueon a dense open subsetof W weconclude that go on W ie g o Elke
so I O E lk Wimp

2 Shut Theory

Fix X topological space f a category 1 Sets Ab abeliangps
Rings Mod modules on a commutative ring R Vectic Ik vectorspaces etc

Definition A preshot Je of Objects in f on the space X is a

functor Yp X Y when OpIX categoryoffensex

Objets 3 Us x ofay Hom guy
if U E V lanespondingtotheinclusion

You ancutely a preshraf m X withvalues inE is tampain Jyp when

1 F is an assignment U EX open to Je u EObj E sectionsm
ul

k For each pair VEUEX ofopens we have 5145 Flu EHoms6

satisfyingthefollowing properties
restrictionmap



i Pu u id go t Qe X ofen

ii For eachtriple WE V Ell ofopens in X wehave

Flu Tv 5 V Prm Flw

g
Puw Pr w Pyu

We omitpwhenunderstoodfrom context and write five Puult lo teJeu

Example For us a open mo je u 3 f O d f is holomorphic

ForVEVEA opens Pu v usualrestrictions

I5,9 is a pushedofvector spaces on A ton ofsets

Definition A preshraf EP is a sheaf it thefollowing local gluingaxiomhold
locyclecondition

For every open U ofX everyopencorn 3Uilie of U U YI with

fi e Je lui ti satisfying Pui vinu fi fu Vinu Lj Hii
filvinu hit vinu ie agreement on theorelats we have a unique LeFly
with Pu u f fi ti EI

Equivalently if U UEOp x anycoming 34 lies of U the sequence

5 a
a Irani I Jiu 3 IT 5 NiniSE

is exact That is a is injective if 2 E IF lui st Pt g p y
then ye Im k

Note If 6 Ab gray we can equivalently requirethe exactnessof
0 Jill I Flail t t's I Fluing

Remark Working will 4 0 the emptycoming we see that I d is the

final object in the categoryG an object in G has auniquemapto it pugflu Fid



Examples X Y topological spaces

Je pusheaf on X givenby Fu 3 h U Y I his continuousE ESet

A V E U opens Fill FIU is the usual restrictionmap
g i s Slu

Claim Je is a shut

Pfl Fix UE x open 4UilisI an opencoresofU Inside sie Flail satisfying
thecocyclecondition

111 Lifting Property Fr each p e U define g na gipp
where Pelli

Welldefined if Pfleina then
signing Sj la nu

so Siirt Sylph

Continuity Stu g Si is antinous so g is continuous as well

21 Uniqueness it Sise U Y an such that g la gain forall ieI
then

bydefinition of a function we have that S 92 each pEU lies in someUi

Same construction works for Y manifolds complexmanifolds etc

A abeliansp that X locallyconnected topological space

Je preshraf of constant functions fromX toA

Flu A DU EX Men U 0 F101 304

F is not a sheaf Reason Pick U U UUz a azEA distinct

then filly A E F ki a la nu azlu.nu but I fill A anstan

with Hui ai ti

We can fixthis by considering the presheaf g of locallyconstantfunction toA
Equivalently endowing A withthediscretetopology wehaveg u 3C U A ant

tu ex on
Wesaw in that this was a sheaf

Remark Next time will see howto generalize thisconstruction to obtain a sheaffroma

fresheaf Theprocess will be called sheatification



MAINexamplesforus X E A irreducible affine variety

P pushiatof morphisms to Hhc

810 34 U At polynomialmap for U Ex Zariski open
with usual restriction maps
Sheaf axiom isvalid a polynomials that agree on a ZariskidensefanofX mustagree

on X bycontinuity so theygivethesame elementof IKEA

Rat presheafof rationalfunctions to11th
Rattle 34 U s at rationalfunction is a presheaf butnot a sheaf

locallynational globallymaterial as we saw in Example 512.2

Ox sheaf of regular functions m X

Op sheafof regular functions at a ptp ofX Op u 0 if p40


