
 
Lecture XIV SheafTheory I

Lasttime we defined preshares shares

Definition A preshof on a topological space X with values in objectsof a category
is a pain I F p satisfying
i F is an assignment U EX open to 5143 Obj E sectionsm

F 10 is theterminal object in 4 10 for G set 309 for G AbGp Ring K VSp

c For each pair VEUEX ofopens we have 5 u F V EHoms6
irestrictionmapsatisfyingthefollowing properties

i Pu u id go t QEX ofen

ii For eachtriple WE V Ell ofopens in X wehave Pu w Pr w Pu
Definition A presheaf is a sheaf if it satisfiesthe cycleaudition t VEX open

all opencovers h Vi lie of 0 fi E F Ivi with bij filling jiving tic
F Ff FIT with flu ti ti

Main examples Locally constant mapsfromX to asetY

Regularmapsto Hhc from an irreducible variety WE ik

Remark We can build new sheaves fromoldones via direct sums directproducts
inverse limits see Hwa

1 Stalks

Fix a pusheaf F on a topologicalspaceX
Definition Given xeX wedefine the stalk of fate as a diet limit

Tx
Ying

Je u HueyJ u where n isdefined

as follows if G e Flu Fae F Uz wesay G Yta if I VegfNz
with x EV st f

u
f ly This is an equivalence relation

Note Theconstruction ameswith a natural map FLU Fx
G E sequinclassoff

It is a morphism inthecategorywhereJdlies



Main example F Ow my OpweFp 3regularfunding atply
If I K then Op Opw Kfw

mp
Theorem 513.1

Lemmal SupposeJe is a sheaf on X Givenany VEX open the map
FLU In Jex is injective
f IPX f x

root Pick s s E FI ul with ex Is P Is tx EU Bythe
definition of thestalkJap we can find an open Up with perp EV with

slop
s
up Since Up per is an open cornof

V 3StupeFIUpl per
agreeonthe onlaps the sheafaxiom confirms that s is the uniqueelement

of Flu restricting to stop on eachUp But since s also satisfiesthisaudition

weconclude that s s m FIU D

The statement fails if I is a presheaf but not a sheaf

Example X 3p gl with thediscrete topology take F to be the presheet

F with F x 30,14 Type F 1391 F 107 301 with

the restrictions uniquely determined

Stalks Fp Fg 101 is a singleton in Set So all global sections hant

same stalks
I is not a presheaf sections on 3ps see are unique agree on theoverlap

but they don't glue to a section in 5 xx both 105 114 E Fix restrictto
305 m IPE 191 D

StalksofapushofJe on X can beusedto build a topological space 151 a

natural map p 181 X calledtheprojection map

Definition F1 U Fx p IF l X 12 x2
XEX ZEFx1 with P Fx Px

We endow 151 with a topology by fixing a basis



Definition Gisen U EX open LE Fu we set

UF 3 Px L EF XEV

Theorem1 B 3 NIU t Uopen FfJe U is a basis for atopologyon 151
Furthermore this topology makes P 151 X into a localhomomorphism

Proof Exercise Isee HW4

Q Howgood is thistopology

A It depends on thetopology ofX how can we equatesections of F fromtheir

equivalence classonSonystalk IseeHWY Since Zariski topology is notHausdorff 10

will not be a nice topologicalspace

Remark firm a top space X a preshraf F m X it is usualto referto element

ofeach 5 o VEX open as sections of F on U Thechoice is madeby the
followingfact IseeHW41Byconstruction a section to p I I X m U is givenb

s U let antinuan with qÉÉ
Isection post inca

So F u I 3 U 5181 antinous sectionstop fly
f 1 Sy Px f AXEU

It F is a sheaf then G is asheaf I is a bijection and Ics s

52 Morphismsofsheaves

Definition If F G are preshares m X a morphism Y Je G insists

an assignment Yiu Jen Glu for eachopen U ex compatible wit

therestriction maps ft p't That is given two opens V E U ofX thediagram



Fto Yin GN
fr off

commuter

Jair GM GM
Remark A morphismof pushover is a natural transformation I G inthe

categoryE

Definition An isomorphism is a morphismofpreshares which has a twosided inverse

Lemma2 For any PEX any morphism 4 F G we get a map

Yp Jp Gp where Yp f 4018 Here I heFlu for pebofen

Proof If I Fa E Jep with lift lui fat Five then fi tr foly forsome Men V
with per EU nva Thus

Yu It u Po Yu If PurYvette Yu Itv E Giv
bndude Yr It Yu Ita in Gp so themopUp is well defined D

Remark ThemapsUp are in the same category as 4 leg Sets Ab Rings IK r sp
Another advantageof stalks we can check forismorphisms

Proportion1 Fix a topologicalspace X amorphismof sheavesY Je G m x

Then Y is an isomorphism it andonly if the inducedmaps on stalks

Yp Jep Gp are isomorphisms Apex

Proof y is clear The definitionof themaps Yp Yp for 4 9 ya

idfp.iep 14o41pYpo4pidgptidglp Yo4lp YpoYp

F We needto show each 4 5 u u is an isomorphism

We do this by showingQu is both injective turjectite



Yu is injective Fix s s E F lol with Yu is Yu is Then for
each PEV Ypppls PHolst Pp1401s Yp1Ppls E Gp

Since Yp is in active we include pp s Ppis Vp EV Lemme

thenyields s s m I 10

Yu is surjective finn geYiu we want to build ft Fly withYula

For each p we can build fp EFp with YpIfp sp
We identify fp with the equivalence class of fp EFlop for someopenUpwithpfvp.EU
Note Yp fp Pp YupIfp splglo E Gp thus we can replace U

by an open Vp with perp EUp where

Yup fplup Yup Gp up P up up flup
Wesimplify notation write fp Gplup E FIVpl
By construction Vip per is an open comingof V Yup18p 81up HPEU

To find f with firp hp it's enough to show that 3tp fFlupEp agree mthe
overlaps

Pick p p e v with VpnVip 0 then folupavg fr lupavi
an two

elements of F VpnVp mappingto slurpup
under Yup up

Since

Guppy is injective we include that fplupnup fpi up up

By thesheaf axim applied to 3 fp EJyp Ip we build a unique f e Flu wit

Sup ly
To finish weneed to check f Ift g
But this follows fromthefact that

Pp140181 Yp Pp18 YpIppIfpi sp sp19
So 4018 g agree on all stalks ofg thus theygive the same section



on Giv byLemmon 1 ie Yu18 G D

Remark We used thesheaf axiom several times in the proof because we invoked

Lemma I Thestatementfails for preshearer Eg X locallyconnected top space
Je constantsheaf by locallyconstantsheaf Y Je es g thenatural inclusion


