
 
Lecture XV ShutTheory III

Recall Fix a pushy F on a topologicalspaceX
Definition Given xeX wedefine the stalk of fate as a diet limit
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Je u Kuyt u where n isdefined

as follows if G e Flu Fae F Uz wesay G Yta if I VegfNz
with x EV st f

u
f ly This is an equivalence relation

Note Theconstruction ameswith a natural map FLU FI
f E sequinclassoff

It is a morphism inthecategorywhereJelies

Main example F Ow my OpweFp 3regular funding at p
It I K then Op Opw Kfw

mp
Theorem 513.1

Lemma SupposeJe is a sheaf on X Givenany VEX open the map
FLU In Jex is injective
f IPX f X

Theresult fails for pushover thatare not sheaves

Example X 3p gl with thediscrete topology take F to be the presheet

F with F x 30,14 Fppy F 1391 F 107 301 with

the restrictions uniquely determined

Stalks Fp Fg 101 is a singleton in Set So all global sections hanthesame
stalks

I is not a presheaf sections on 3ps see are unique agree on theorlop
but theydon't glue to a section in 5 xx both 105 114 E Fix restrictto
305 m IPE 191 D

natural transf
Proportion Fix a topologicalspace X amorphism of sheaves Y Je G m x

Then Y is an isomorphism it andonly if the inducedmaps on stalks

Yp Jep Gp are isomorphisms Apex



Remark We used the shirt axiom several times in the proof Thestatementfails
for preshearer Eg Je constant pmsheaf by locallyconstantsheaf Y Fog
thenatural inclusion

1 Shuatification

Next weconstruct shares from preshares via universal property

Proposition t Ginn a presheafJe there is a sheaf Jia a morphism Q F J

satisfying the following universal property For each sheaf9 eachmorphism

Y Je g 7 E I sg with 4 400

Je sg
Oy
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Furthermore the pair 1590 is uniqueup to unique isomorphism

Definition We call Je the sheaf associated tothe presheafJe

Remark By construction Jp Fp Kp ex 5901 IF if whenever 5 is a sheaf

ProofofProposition I i Uniqueness follows by universal property TakeG É
4 E

to conclude that Y is invertible Y T

UniquenessofY Y gives

Je O Fa

É.EEitj
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Existence We need to ensure the couplecondition m F the fact that Fp FpUp
Given U Ex open we define fissection

to Pi15101 U

Jiu 3 S U 1Flu I
p
Jp Is sap EFp 127 p f v F Vofenwithp eV e V

te FN St Salt SIA DIEU



Condition a ensures agreement on oselops corycle condition

Taketherestriction map m Fa to be the natural one fowls S
w
t we v oms

O Je F via Ou Jiul Fiu
f i s 3 p t sp187 I s lifts to f so 12 holds

Check I is a sheaf it satisfies the universal property D

Example I constant naps n F locallyconstantmaps

52 Exact sequences topspace sheafofcomm rings

Fix 6 Ab lk usp indulgingOxMod.fr Of a ringed space legX an attire
variety

For OxMod U H F1UI E ModOx101 Aside An locallyringedspaceOxpmust b
exaltpKEY These choices are abelian categories Ihave kernels cohernels

Definition A subsheafof a shot Je is a sheaf I s.tt Us x yen Jiul
is a subobject of Flu m Y the restrictionmags flu an inducedbyfor
Remark We have F'p is a subobject ofFp Apex
Example J Ow fr W inducible affine variety F's loudlyinstantmapsto Hk
Definition Fix Y F G a morphism of preshares on a topologicalspace X

withvalues in 6 Wedefinethe presheases Kernelof4 imageof4 kernelof 4
via theassignments

Kerr raker 140 C 5 us image V is image1401 eGiv
whernetO wkendHu EGluggage g

for each open V of X

Lemma I It 4 is a morphismof shares then Ker is a sheaf However

Cohernel image are almost never a sheaf

Proof Exercise

Remark Keru is a subsheaf of Je whenever Je is a sheaf onX



Definition inn4 image4
a wheel wkend41

email wellcomes with an injective map in4 s g tby image4 in
g

Imeso in 4 is a subsheaf ofg
Definition A morphism ofshares Y F G is

in injective if Ker 9 0 t Us x open Yu Jiu gnu is injl
a surjective if in 4 9

I surjective all Yu's are surjective This is so because in 4 require
sheatification The surjectivity condition can be checked on stalks seeHW41

Definition A sequenceof morphisms of shares

4 I É Ii Fit
is exact if her 4 m Y't fi
In particular no Je Ilg is exact if andonly it Y is injective

2 J I g o is exact it andonly it 4 is surjectise

Proposition3 The sequence H is exact y the associated sequence
of stalks Fpi Iip Fit is exact

Proof Injective surjective canbe checked on stalks t Sheatitication preserves
stalks

Definition Fix Je a subsheaf of a sheaf 5 The quotient sheaf Ff
is defined as the shafification ofthe pusheaf U i s 51

o

The cohered of a morphism of shears 4 F lg is the quotient

shot Him4
we factor F g na F int g



3 Shut Cohomology

As in 52 fix 6 Ab IK Vsp Mod IRI forRamm ring Ox mod
Sh X category of shares on X with values in Y objects shares

Maps morphismsofshores
Consider the global sections functor I i

ShIX F E
Je PIX F Jen

I is an additive left exact covariant hunter
1Additive Ft g I PIF Pig P respect

I Left exact o F Fast o see o Tix Fil MixFal TIF it exact

Shut cohomology is built out of the right derivedfunctors of P

R't Shy E tin

Thesefunctors are characterizeby the following properties
N ROP P

a For every short exact sequence 0 I I Iz Is o in Sh IX
weget a long exact sequence in Y

O Jill l s Fa txt Fs lx y
G R RIT R IIF R IIF stannecting

morphismC REP E
3 Functoriality given a morphism between 2 s e s in Sh lx

O Fi Iz Iz o

o gt 94 98 so

wehave Rip 153 Si Rit r IF
R'Pol I 0 tRipa
Rip 19s I Rit pig



147 P acyclicity
For every injective object Y inSh X each i so we have BiP II7 0

Definition T is injective in Shtxt if Hom1 T is exact
Ialways leftexact

Equivalently I injective morphism A B H A
f
I morphism

F F B I lifting f IF A F o A B

tis's
Theorem Godement Sh IX has enough injectives

It Fe Shxt F F E ShIH injective with o F L exact

Q How to build Rip

A Let's start with 2 1 Say we have Fe with R I 151 0 Then

using 41 weget

o Filk Fan F lx I R PIF R PIE o

Exactness at R PIF gives R P IF Coker Tx

Issue What do we mean by R P Fz o

A If every ses o Fa ga Hz o starting with F

the sequence 0 Fz txt G lx Iz o remains exact
then R T IE O

Note 14 ensure that Iz injective in Sh lx satisfies this but it is not theonly
option I flabby or flasque shares will do

every section on an open U ofX extendsto X

Q Howto define R'MF for F in Sh Ix

A Build an injective resolution of F o F 157

Apply I to o 70 T t get a complex

Then RK P F Hk o Tx T 1 7 94 7 in6



Unroll instruction we replace Sh Ix f 6 by a functor betweenthe
categories of complexes Kish x I Kolle
where Objects are complexes

Morphisms are morphisms of complexes up to homotopy

o Fo I Iz
t tag an morphisms betweenthese

o g g it É amperes

Wesay f eg are homologic it f si Fi Gi fr i 0 with

fi fi d4 os t sit die for all i 30

Wehave HYfactors in Klee that agree on homotopy equivalent anylexesMKE

Injective resolutions yield an injection Shix as Kolshix
I I I o F I I

Definition R PIF Hk o Pix Io Phx I

Theorem Injective resolutions are unique up to homotopy

I Shut 5

Hix F Suso
y sax r k.ir g

o ISI's to FIX to H IP x R P 5

Corollary HKIX F IRK PIF is independent ofthe resolution

sheaf cohomology

Disclaimer This definitionof H lx F is not good for computing Wewill later givea
different construction tech cohomology1 that is computationally friendly for Noetherian

topological spaces leg attire projective varietiesI


