
 

Lecture XVII Projective Varieties II

Recall V intil dimensional rectorspace V e Knt then

PIV 3 lies on V1 I HiiGu Gene Pk
Deamposition in Affine spaces Mi IA U AI V UH U Spt

Comingby standard affine patches Uj 3 aepic aj of e Aik
Definition A projective subvarietyofP is the zero lows of a collection 5 of
homogenous polynomials in 1K xp xn name a homogeneous set

Vpoj 5 3Lao and EP flan ant so tf ES
Lemma Vpro 15 Vpoj S s is a homogeneous ideal

Definition The ideal I xo xn oflkfxa.iq is calledthe irrelevant ideal

By construction Yproj I Io 0 EP

1 Ideals from projective varieties

Definition Given a subsetW e p we define

ITN 3 FE IKE xn fie o ta EW E IKE xu

This makes sense even if he is not a projective variety

Proposition 1 ITN is a homogenous idealof Key if IK is infinite

Proof Need to show 3 properties of ideals these are valid even if IK is finite
1 OÉ IN one to KIEV
47 t.ge IN ft g e In
is o Sia o teen bydef so thtslie tie Sie FIEF
137 f f INI he Ikf I h Fe IN
f la to ta EW so th f ya his fig his o 0 theWV



Next we show Iiw is a homogenous ideal if K is infinite
Pick few so f la any hi dao an o tho ant EW

Writing t to t tha for d digit weget
o f la t fi ish t t hats his this t d Gig t t ddfatal

ix a EW If free to fo sme r then

fly his th Gia t t d f ie Elka 304

s constantly o on 1kt which is dense in 1K Sincepolynomials are antinuous functions

H'k lit we include GH to H Elk
Since IK is infinite this forces Geto which untradicts

trig In yConclude fr 191 0 H EE W U r o di so

By Lemma4 516.2 IhIw is homogeneous D

Wehaveanalogs of Lemmas 1,223 of 53.1 Again with verbatimproofs

Lemma If W E W in P then Ihlw 2 Iha
Lemma2 If W W an subsetsof P we have

Ihlw Uwe Ihlw n It wa
Proof FE ITW NWa ta EW Uwe wehave f 191 0

ta EW we have fig o faena we have fig to

LEI wi f e Ii wa FEIT w nwz p
Lemma3 If Wi Wa an subsets of.P we have

Ih IW nWo 2 Itw Iwa
Proof Sima Ifn nwe is an ideal it suffices to check that

Iwi E ITW n wz tri 12 but this follows from Lemma8916.2Since

Wi Z WinWz D

The inclusion I canbe strict even if W wz an projective varieties



2 Duality between homogenous ideals projectivevarieties

heresults fromSs1 16.2yieldthefollowing BasicDuality for projectivesubvarieties
ofP

GEOMETRY ALGEBRA
homogenous
ideals Isubvarieties
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gg pin
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ofkex xn

Next we discuss how Iha Vprointeract with each other

Propositionc If W p is a subvariety then VII wit W
pig

Proof It is easyto
check If a EW then fie o f te Iw

y definition of It W meaning a E Yong It wi

t is also easy to check Since W is projectivesubvarietyofB thenW Vpgs
fr a finiteset 5 34 but of homogenous polynomials in Ikf xp
by Corollary2.516.2 Thus we have S E I w by definition of S
Lemma 5 yields W V 15 2 Vero III wi D

proj

Corollary 1 For 2varieties Wi Wa we have W Ewa Iiw 2Itwal
Proof Combine Proposition2 Lemma8816.2

reposition 3 For any ideal d of Kfxi xu we have IhlV19 2 d
proj

Proof Pick any E E W Vpjo a feteThen typo so FEI vid
prog

In particular R E ITUp D



This is not a t to i correspondence even if KK ideals are restricted

EI D V4 x y St V1 i in P

lemma4 IW is a radical ideal for any WE11th

Proof If ft Itn then India It is to VIEW But

IK is a field so this forcesGia to ta e w ie ft IWI B

Corollary2 For any homogeneous ideal de Elks xn wehave

IN Ioe Tr
Proj

Remark To is a homogenous ideal whenever I is homogenous

heexample shows that even when K K radicals are not theonlysubtlepoint

5.3 Irreducible decomposition ofprojectivevarieties

Definition A variety V EP is irreducible if forevery expressionofVas a
union V U U V z we have either V Vos Vz V
A projectivesubvariety is reducible if it is not irreducible

Example 324 is irreducible

Vix Z y z Vix yl V VI z m is reducible

Theorem Everyprojective variety is a finite union ofinducibleprojectivevarieties

Proof Given W EP projective variety we use the same bisection argument

weinvoked foraffinevarieties to build an infinite descending chain

W Z W I Wz 2 of reducible projective varieties in P

Applying I we obtain an infinite strictly increasing chain ofideals
I W E I Iw E I two E

in the Noetherianring Ktx xn which cannot happen D



ChallengesOHowtodetectirreducibility
Howto perform inducible decompositions inpractice

For wehave an easy characterization

Proposition4 A variety w sp is inducible In is a prime ideal

Proof We prose both implications

I Pick f g e Mix with fgeIhiwl
Since I W is homogenous by induction m wax I begt deggl we can reduce tothe
casewhen both tag are homogenous
then W V Iwl 877 U V ICIhwi g will give a decomposition

r oj proj
f f g k Ihlw this decomposition would be nontrivial contradicting our

reducibility assumption on W

I Weargue by contradiction assume W W U Wz is a nontrivial
decompositionof W In particular weknow that wid wat wi Equivalently
Corollary i i this gives Ihlw 4 wz 4 It wit So 7 f E d z

E E f Edz E

3gLemma4 we know ITw UWal d n dz f oh dz
true tray pairofideals

Then fg E d dz e IN f get w contradiction our

ssumption that Iw was prime D

Fn we will translate a decompositionof W into a decompositionof
he hadical ideal Itn as an intersectionofhomeyprime idealsofKfx xn
Wedo this via primary decompositionsof proper ideals on a Nograded ring R
Theonly thing to show is that primary amprentsof homogenous ideals
are always homogeneous the characterizationofassociatedprinces involves
homogenous elements Moreprecisely



STEP I Decompose proper homogeneous ideals into finite intersections of

igneous irreducible ideals technique Zorn's lemma

STEP 2 Show that inducible primary for homogenous ideals
STEP3 Characterize associated primes to a homogeneous ideal d ofR
as 3 florist x homogenous 1109.7 is prime
See HWS for details

4 Projective Nullstellensatz

Q Given IE Ktxa xn homogenous ideal what is VII EMI
A It is acne

Definition Aclosedsubset c e this a cone if thefollowing condition holds

EE C G Xe Hao an FC At Elk
Remark 304 EC whenever C to since 0.9 0

Definition Given a projective subvariety WEP wedefine the affine cone IW
t

as theset 3190 a 7 I a E WE U309 It W U 301 where

I Ah 306 P is the natural projection

Example N W 3 1 o EP IW 3 H 0 fill
y

x o
2 0 it 2 W Up x y z Iw V x y't't EA

I
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Lemmas If We Vproj II fr I homogenous then C IW V I EIA

Proof The proof is straightoward I IE I Kiwi bydefinition
so VIII I Ciw VIII Es wt is dean



Propositions Let XE IAI be a un emptyZariski closed set Assume X is ane

If IK is infinite then

111 X VII for a homogenous ideal
121 TIX 304 Up II
Proof Set I IN EKCxo x

To prove it it is enoughto show that I is homogenous whenever x is

Pick FEI so

flag o Fae X Let d dug Ifl Since X is a acne

wehave O fida II th f lg Uy where he tot if where fu

homogenous of degree k It 61 É fuk d E K x

SinceGail vanishes n IK tinfinite we have Ga1 7 0 is this to the
Thus forall a Ex we have flat o o fate so t k o deff

By Lemma4 516.2 we conclude that I is a homogeneous ideal

Statement k followsfrom 11 the definitionsof Vproj T

Thrown2 Projective Nallstellensatt Assume I K let d be a homogenous
ideal of IKExo xn Then

11 Vpro 1021 0 Es de 2 IXi Xu for some m

Toe I

R If Vproj102740 then I Vpro Id Toe


