

















































































































Lecture XVill Projective Varieties II

Recall It W EP is given as W Upoj II f I homogenous ideal
ofKExo xn then Iw IW V30y z VII stay istheaffineane onW
Furthermore CCW VII if andonly if w 0
Projective Nullstellensatz

Theorem Projective Nallstellensatt Assume I K let d be a homogenous
ideal of IKExo xn Then

11 Vpro 1021 0 E d 2 lxi xn for some m Fez I

4 If Vproj102740 then I Vpro Id Toe

Proof Weprose the statementby reducing it to W E IA where WeVproj to
a 11 is a homogenous ideal By Lamma5 W Oe EME
Byconstruction W Vpro 104 01 E W 396

11 1 SinceChul is Zariski closed the Shing Nullstellensatz implies
I Me I hell II Cini I Via VE

7 If at 2 I then W Vpro 197 Vproj Td E Vpro Io 0
Lemma5516.2

4 We prosethe double inclusion I Vpro 191 2 of by Corollary2

For F weargue as follows The stingNallstellinsatz implies I V Oc For
Since V18 209 weknow that I Vlog I
Now gisen FEI W wewrite f tot tha where d degf Since I Iwl

is homogeneous we know th E I WI t k Thus wemay assume his homogenous

Since W 0 we have o f ay H a EW

Using the fact that f is homogeneous of dugue d we conclude that

f de ddfay o thelk't bycontinuity fie so

Since flay 0 UfatW we conclude that f som w therefore

te Il CCW I VIOL TR D



Corollary1 If I IK there is a t t t inclusion reversing correspondence

projective sub vain I homogenousmedical ideals
W ofPI W 0 I ofKao xu ItI

Uprej

2 Homogenous coordinate ring
Assume IK is an infinite field

Definition Given a non empty projectivesubvariety WE II wedefine its homogeneous
coordinate

ring as S IW KCxo in
hgwy

Example W P then S IW IKExo Xu In Iw o

Remark Since I W is homogeneous wehave Ih IW II wild
where Jd JA IKExo xn for any ideal J

sung polynomials agreed

We hone a fadedideal

Thus S w becomes a gradedring with grading in No Indeed

S W ago Kcvo in d
II Wild

Note Sn Se E Sate since JaJe E Jute 17 J Ih Iw the

KCI aKCI E KED e
This is the condition fortheringto be graded

There are some major differences between SINI KCCIws
Althoughthey are the same ring but in KC wi wedon't consider its

grading
Element of S w do not define functions on WED
The main issue is g ay is not well defined Even it g were

homogeneous say of degree d then g i a Issa
So 5 E Stw cannotdefine a function n W



The only thing that we can do is to workwith natural functions

of degree o ie f where s h Elka xp homogenous

of the same degree t 0 Rational functions are restricted

Stw isnot intrinsic to W This graded ring carriesinformationaboutthe
embeddingX P

Example S P1 Rex x W IP's P2 via xox xoxox x

Segre embeddingIn wi xz y 51W

W P bt Sitt't I Stw as graded rings RHS isnot.aUFD but
the KHS is so they cannot be isomorphic on rings

3Projective closures

We can view 1AM BY via Yle a az i ai 1 a it i an

Definition i Given felkfx xn 409 of degree d wedefine the homogenization off
to be the polynomial the K xo xp with thixo xn Xo f lg
12 givenan ideal I Elkfxi xn wedefine Ih elk Xo Xi xu tobe the

homogenous ideal generated by 38h FEI

Example h it x y n th z x y 2 f it 1 Étzxty
If I fi if Ih Chih it

I L it x y x litxth Ztx lytx
h
Zy x

L xftx tlgtx4 E ly x y x EI but y x 4 Zt x zytx's

Definition Given a homogeneous polynomial FE Kao xp wedefine its ethnization

withrespect to thevariable Xu as F exo oh I Xun in

Examples 111 Fix y z 2 t Zx y n F i txt y



121Fix y z XZ t Ey mo f x'ty 181311 x'tzy F

NaturedQuentin1

Given V V f fi f m E IKExo ta xu

Q What is V E HI Na E P

A K V Gh fi n Ur
proj

It is not necessarily true that Tin P equals Up if Lil
b Zariski topology

Howdowe compute Tin P

Given W Vpro IF Fm where Fi Im are homogeneous

Q What equations at our w nun

I We athnize the equations Then WAUn V F I

F E K Yg it if


