
 
Lecture XX Projective Morphisms

Upto this point we discussed the objects in the category of projectivevarieties

Nexttask Describemaps in thecategory

I Function theory m projective varieties

Recall Lectures 10 11212
Given UE ie WE Tie wehad resend typesofmaps 4 V W

1 Morphisms 4 14 Fm fielker with YIU EW

Mn IV W Hm
ay IRCW

IK UJ

2 Rational maps I defined m a dense of U ofV Y 14 i 9pm
with fi Sm hi hme lk V hi him nowhere o on U YIU EW

so U E D I hi hm function fields

It V W are irreducible Rat IV W Home
ay
KIWI 10

B Regularmaps V W inducible givenany peV F U open with peueV

g smh i he k U hinowhere o n U ti with 410 1 s if

Since P Un Un Me for each k we can use theaffirm

definitions to determine morphisms maternal regularmaps on P projective

subvarieties of P Moreprecisely
step 1 Define these notions by usingthe affine indited m each

VnUne E Vee Aye fr k o oh

STEP 2 Check agreement m relays VAUnMUj UnVel n IVnUji byusing
thetransitionfunctions Uja UjnUn Un VanUj the homomorphism

IK
Kaji IK IEat

i it
ti 1K Ei i s j Klug

it Fu I layx j Xu 1 1 4 51



This will be the approach for abstract affine wieties Isimilar constructions
are usedfor Manifolds ForV EP we can bypassthis and workwith SIV

Remark We saw that elements ofStv do notdefine maps v Itis but

degree 0 ration of homogenous elements ofStu do

Assume U EP is irreducible IK is infinite so Snl is a gradeddomain

Proposition l For each k VAUn is either 0 r it is dense in V Furthermore

if VAUn 0 it is inedible in Un It

Proof For each k theset Va VAUn is open in V Since
U I Vnual U in Hal and Thun EV we set
V Unum N WnHn

Since V is irreducible either VAHk V lie VAUn 0 or

Untie U ie VAUn is dense inU In the latter case Theorem2819
confirms UnUn mustbe inducible in Uk Il Vava W V V Wr is the ined
damp of UnUn then V Fun W U rat is the ined deampofV so 1 1 D

Definition The fieldofnational functions on V EP inducible is

IK IV 3 If I FG E SN a framed E to
n

where II n Iz e IE IE o in Stv ie FG FG foF Ga FaG G Ih N
ate that n is independent of the representatives F GESiu that wepick

emma l n is an equivalence relation

roof Thereflexive and symmetric properties are clear Stu is alk algebra

Transitivity will follow from the fact that SNI is a domain Indeed

ssumn FTE N Iz e F Ga FaG E Ih NI Isay Fe Stud 7

FYE n Fy e 763 FzGaE I N Isay I ESmg
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Sima Gi to this mens Ga I V

Thus Ga It G Gt3 F 6263 GGets FGa 63 Gat G

IG 63 IG G 0 0 in Stv

Since Stv is a domain GT to in Sir we conclude that FG 5,53 0
in Stv ie FIG Ig
Lemma 2 IKN is a fieldextensionofIK Moreover tidy KN IKK n

Proof Thefield structure is inherited from the structure of SN the grading

Is the degree statement we pick k with UnUn 0
Claim KN 1K É YE
PH Any element of 1140 is ofthe form I where F Gekko xD

framed with G4 Ih IV
Since V is inducible then VAUn is dense in U byProposition l In
particular G cannot vanish everywhere on VnUk so XuXG

Then I f
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conversely II EMN t it k so MCE i Ey skill D

By construction 1140 IK I É It 21k shan the same operatives

Corollary1 Fx VIP irreducible projective variety with V70 to Then

IK VnVol E K IV as isomorphic rings

Proof The functionfieldofKhunve is IKIUnVo IK
s s

Remark We'll use the transcendence degree of IKIV K to definethedimension of
VET



Corollary2 Rational functions V Ah E KN
V EP ima

Proof Rational functions an determined m each UnUn Eve with Ununto
The compatibility moralaps Vij Vnv it n VnUj Vj Muji NNN

it is
ames from l Indeed hatingon NIU nut correspond to f when

F X ut th G xndasSgh for d yo This will certify that the

assignment on Naval s agree on overlaps incoming it is compatiblewiththe
transition functions B

2 Regularmaps on P

Fix YEP inducible projective variety Our next goal is to defineOr the
sheafof regularfunctions on V

Definition Fix Us V open set Y U 11th

I given PEU we say 4 is regularat p if F J open pet EU inch that

41g E KIVI Equivalently it pelk then Y
unva

un un Ah is a

regular function at p m the open subset UnUnH VAUne Une IA

21 We say 4 is regular if it is regular at eachpeutPEU Equivalently 4must

be locally angular ie fr eachk o n the function Ya un un Alik is a

regular function m UnUne E Ue Hy
Lemma3 Regularmaps are antennas with respect to the Zariskitopology

Proof Continuity is a local condition regularmaps on affinevarieties are cutenuous

Definition If U EP Weltman irreducible projective varieties a map

Y V W is regular if andonly if 4 191 V Mthis regular forall
regularmaps f W Attic



Remark Equivalently I mustbe continuous a locallyregular Are precisely fr each

u o im Tifa is ofteninVsp for each j so in the maps

95 1,74 WEA

are regularmapsbetween affinevarieties

Definition For VEI inducible wedefine Ou to bethe sheaf ofregular functions

onV withthe standardrestrictions More precisely freed Usv open we have
Ut Oulu 3Q U ath ngularatUE

The regular function at apoint per correspond to the stalk Oup
Remark This definition can be recovered as the gluingofthe shares on theaffine
mieties In Vali when VAUn Eun Ahn Katie K Eu ii
giventhe ismorphisms Ornun giftGung any inducedby thetransitionfunctions

Uk Uja This general gluingprocedure is described in Problem20HWY

1 As with the affine case regularmaps are not rational

ample Fix V Vpro 1 47222 EP Y U sp rational
x p Z X Z y

Thismap is well defined outside x z 7 0 ie p o i i E V
Un Vo Yo VnU P

K E L

OnUi 9 UNU P

If E I s g g p
issue on p lo p

OnUi 43 VAUs I

Il I s z ly
I issue on p lo p

Geometrically 4 corresponds to a stereographic projection from P foil i



Pilotip y 2 0
Line L through x 723 foil D

x o is x dy ta data IE in eP
447

Y O If dyta O then a dy I we

x 421 c
set C x O z dy Jx XAY

L this point is x z y

o i i 4 2 0 15 0 u o which is notallowed

We can extend 4 to all V by defining tip i o Evo
Claim Y is regular at p

Pf Use coordinates S it on P analyze Y 100 Uo thy word57
Y up yeah land f

111 9 100 N 3 x y z I x o VSP V 3 o i D

Rearm If Z 7 0 on 7 4 0 then Y 72 0 x y 72 0 forces X O

On4 IV1 Pl themap becomes Ex 7 23 Z float This is a national function
defined everywhere on 4 No Pl
Since on U we have x 124112 4 we get Z It

Thisexpression is valid m a neighborhood of P E Ip 0 as expected
from Yip 11 o

121 4 IV Vill x y z I z 4 0 U 310 1 17

On 4 Ui themap becomes x 7 73 E so

IT ZI
On 4 10.1 we have

On P 2

Themap me 101 becomes 2 ZI IÉI Iffy Fay IF
Theexpression x is valid awayfrom o 1 13


