
 
Lecture XXI Projective morphisms I

Recall Lasttime wedefined rational regular maps to t fromany VEB inducible

projective variety bygluing the notions by the restrictions to all VAUn E Une IA
Rationalmaps to HK es NIV S E I I ESM G to In IKIUno
k infinite h any k with Vava D

Ss Rational regularmaps to PM

Tugularmops allow us to define ismorphisms betweenprojectivevarieties

Definition Angularmap 4 V W between inducible projective krieties is
an isophism if F Y W V regular with to Y idu 404 idw
Two ineducable projective varieties are isomorphic if there exists a regular

ismorphism between them

Q Fix V EP inducible What doregularmaps 4 V P look like

example V Vpro 1
2 4222 EP Y U It

lasttime beco x y z x y y
iswell definedmU P

Y extends to a regular map m V via P P1 1 o

4 No V 3Co i i 4 IVal V ICO 1 i It U

Y
ly tu x 7 23 ZI Ey

PE 4 Iv I x f y 17 7
m V

Yly tu x 7 23 Ey

Q Howto build regularmaps 4 V P fr VER projective variety

A In practice pick net homogenous polynomials Go Gi Gm ofthe same degree
notall o on V

and sit 4 160 b Gm

Issue If U Go Gi Gml NV I 0 we need to see if thedefinition
pro

m UiVpn Ico G Gm can be extended to V This willdefend n V In most
cases we'llonlyget a rationalmap on V



Proposition A nationalmap 4 11 IT corresponds to a morphism

T HI 11th givenby T Ifl Fm where Fi I m

an homogenous polynomials in htt variables of the samedegree

Proof Since we are mapping to PI wecan cleardenominators
retinal

On an irreducible prig varietyV EPI weget a similar result
Proposition 2 If V ERY is an irreducible projectile variety a tuple
Ito Fml ofhomogenouspolynomialsof thesame degree not all ofwhich lie in ITV
determine a national map V l BE Furthermore two suchpails I Fil Ki t
determine the same nationalmap if FiGj F Giethly for all i j
Proof OneachstandardopenofPk wesetYip fu unlit visit with

414 lay I E I II i IF This is a rational map to It

For the second part wenotice that bothtuples definethesame map 4 V DP

ift ti FI fi m Vn4th t FiGj Gi Fj EI N tis

I Gg
in KN

Remark Rationalmops V I W with VEI W EDM inducible f fromIto Fml eSiva not all o Muires Y NEW trekUpgtfoFml
2 Examples

Next wegive some examples of national regular maps I I sit

Example Linear maps 4 P1 sit correspond to matrices A ofsize
m til x in til upto global scalar

If A has rank n ti I nti then Ya is a morphism Otherwise the
coordinates have a common projectivevanishing loci so 4 is only natural MP

Definition PGLu lenin ismorphisms PIP I

We have an additional notionarisingfromPGLn projective equivalence
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Definition Two varieties V V EM are projectivelyequivalent if there is

an automorphism A E ITGlut 11kt ofP carrying V ontoV Equivalently i
seeHW51

Snl Stv are ismorphia as graded IK algebras

Remark Projectively equivalent isomorphic but notconversely

Example 1Projectionfrom a point consider P Co o i EP ret

T P I Hz T tExo x x Xo x

Thesmap is notdefined at P It is national not defined on P

Restricting it to a wire V Upr IF where I is homogenousofdegreed

e Coo V we get a regularmap 4 Tv V P

Remark If 1K TK a b fit is generis then Y a b consists ofd
distinct points I This will be a consequence ofBegout'sTheorem

Rational maps IT P can restrict to regularmaps on subvarieties even i

theymeetthelocuswherethemap is notdefined

Xample V Vpro t x z y EM take it I P th the

rejection from P Lo o fromExample

Claim Tip V it is angularmap because I Xo x1 Ixp x I determine

hesamerational mapto P on V I XoXe X X E Ivi t

A similar proof will yield the following statement see HW5

Lemma I Assume K TK fix U UprejIF I sit fo I homogenousofdegree2
If I is inducible then V is itmop hi to P

Example The Veronesemap
Definition Given d n wedefine the Veronesemap of degreed on P as

wa P I
I t I I 7 Et



where XI Xi i x in fr I 3ios idk E 30 in I multisetofsized

Thecoordinates of Valley correspond to all mmmialsofdegree d in htt variables
Thisnumber is I

Example Vz P PE p
xox Exo xox i xp

Itt l Vpro XZ ya EP

Some observations are in order

11V2 is injective It gives ty gives
e oneof these is nonzero

4 V2 P Vpro I u.az ut V E P

K is clear
For 121 we need the followingresults

Lemme V E Uo U U 1Ui Ep standard affine patch

Proof If you af then either yo o n uz to ow 4 6003417
Lemma3 There exists a regular map G V P with 6 5
Proof It's enough to define it on Uo Uz check it agrees onGnu

61 610 Vo P 6.11 6102 U2 P
Collina A Uo Ui Louie 4 in

Etivenu Gilly no since you Cui uz if 40,4240
4042 4

Indeed 140,411 I lui 14 I to muzny Iffy
Conclude 62 is a regular map M V

Proposition 3 11 62082 id I z Koba id v
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R V20621,44 urinal Kfuo up us you u us uh gud

C Uz Ui in VUo ill the
d to

V206210 no u uz V2 fu b af 4,42 45 40424,4in
4,2 4042

Iu
0 41 42

Corollary 1 V 821111

Proof Proposition 3 12 says j
K 16214 so VE V2 P

So V E V M The other inclusion was already known A

The same ideas will work for wa i p Pd


