

















































































































Lecture Xxl ProjectiveMorphisms II

Lasttime we showedthatregular naturalmaps 4 1pm correspondto tuples

of mtl homogenous polynomialsof the same degree
Restricting thesemaps to inducible projective varieties VIP produces national1
regularmop via a tuple ofMti elements in Stu d fr Sme d o

Not all natural regularways m VER are of this form we'llsee an examplenext

Regular ismorphisms t U W regularmaps thatare invertible their inverse

isalso a regularmop
Q What happens forrational maps
As inthe affine case wecan reduce to 4 U W where Veith WIP are

reducible Y is dominant I i e imageofY is dense in W Thiswillallow
us to compose rational functions Idomainofnational functions mined varieties are open
non empty hence theyaredense

Definition Given V W irreducible projectivevarieties 4 V W rational we

say 4 is binational if F Y W V rational with Yok idu 4.4 idw

e say that two irreducible projective varieties V W are birational to eachother

or biratimally isomorphic if I 4 U W birationalmap

Example Y P B Y Exo x X ik i xoxo h L it it
s an exampleof a binational map ofP2 It stalled a Cumingtransformation
Fun fact Thismap sends lines up to comics in P2 IseeHW5

Theorem1 Fix VEI W EP irreducible varieties Then V W arebiratirially

smorphic it and only if IKIV K W are ismurphil as fields
Proof We use coordinates xo i xn for P Cyo ym forPm

Fix k l with VNUk 0 WAve 0 By Corollary2 520.1
wehate

IK V KI VAUn N I FI Ia as fields
K IW e IK I WnVe 1K15g Fye

By Corollary3 Ss11.2 The affine varieties Uno e un e AI w ne eUe t 4th




















































































































are binational K Nn Un I kiwnue as Gelds

Q UnUk own Ve Ik IWave KhunVa

Claim Thesame map 4 Vava wave given a binationalmap 4 V W

since UnUn E V is a dense open set m V W Ave EW is a denseopen setin

PflThe ismorphismY'tKlunk I KNny expresses Ige as a rational function

Iet i s sEy so 9 toe ye is our map in nun

SetEn Fi isnot identically on IK Vive mining get Il Vrba
To lift this to a nationalmap we homogenize fj age with respect to xu Thisgives

It TI't lion Int

Fui Ge Ito Inl
di digfj d ing ge

Since Aj Se are idegue o rational functions in to In
Sitting Ae xu Ge Aj in Fj fr j t d induces a material

map 4 V MM Y Ao iAm
Thismap is defined on a dense open set of VAUn which in turn is dense inV
In particular in 14 in 14 unun wave W so 4 V W

1 Theand Talk

exploitingthe characterization of Ox for x ext inducible affineruietywhen I IK
IseeTheorem1 513.1 weget

harem2 Fix VET inducible Ge Siu d 309 Then If DLG is the
th gradedpiece ofthe localization SIV G

l In particular it pev then

Gyp Oununp Klunkmy
fr anyh o n withpeg Here wipeKunUn is themaximalidealof theseregular
functions on UnUn namshing m p Note VAUneEUnthisis ineducable nm empty



In particular we can characterize regular functions on P if I 1k

Corollary1 IC Rik wehave Opa IP Ik

roof Take 6 1 so Sit I i i Smh Hexes xn withthestandard

guarding The ot gradedpieceofKfxes xn is ik

Xample On P Op N Kfz Qi lui Kfz
he only polynomial functions in both Z Z are the constant ones

Similar considerations follow formaterialmaps

2 TheVeronesemap

Definition Given d n wedefine the Veronesemap of degreed on P as

Va P p
int

I E

where XI Xi i x id for I 3ie idk E 30 in I multisett we

write a Id by thenumberof multisets of30 ny of size d Thisnumber is Int

h coordinates of Va Ica correspond to all mmmialsofduperd in nti variables

email Degree d hypersurface in P are Up IF I fr F of degreed They

correspond to hyperplane sections of KdID

Specialcase n n

od P pldt i pd
s D sd ist it d

image is calledthe rationalnormalwise
in pd

WewriteCao as fr a point inPd
Lasttime we discussed the are d z n t at length Thestatement for 2 2 translate
to analogousstatements fo d 2 Moreprecisely



I nd is injective It gives Ig gives
e oneof these is nonzero

4 V Vpro Ruing nuke itjiktel Epd satisfies Ilp V

E is din I ai sd it til
For pl we needthe following results

Lemma V E Uo U Ud 10534 of EP is astandard affine patch

Proof By contradiction assume I a E V NoUVa so 90 92 0

The relations a a j Yuu so applied to k la ELE j 2k

give up o for all of k Eff
Therelations adaj Unu o fr k le f j 2k d

fire un o fr all E eked

Conclude 4 0 EM Contradiction D

lemma I There exists a regular map G V P with 6 5

Proof Sime V E Wo U Ud we need onlydefine therestrictions60 210
62 610 check theyagree on Von Ud

For 61 Vnv P Go a Choice

ForEd UNU P Ga Ia ud i as

On bonus both 60,4 to the alation U Ud 4,42 1 0

ensures Choice u ing in It

Conclude G is a regular map M V

Furthermore Goraksity sd is t sit on
i sto

st td sit m t to



Next we need to check 2 of id v
so V E V It

OnV0 Vd09 y ra Iko in ud ut tu u at i aid

Claim In Unto nod ut u God a u u Ey

74 4042 4 so at u hodhat R so
Ko43 4,42 4 I I so u U 4 my hot us Ufa

Inductively on K not un nod hi k

up
u hot k so notun

nodkakI 404k 4 uh I
a Inod thil a k it

On Ui radical rata ua Cut I c I
Claim On Unu ud u ng at a a anti Ey

Theargument is symmelin to the one we used startingfrom the last coordinate

using ud ud j p ud ud j tj to andude u ud j
adddigit

Corollary2 V M I hence the name retinal

The resultsfor us p I t
an analogous as these frat

Theorem
1 Themap Va is injective

14 The image valet is a projective variety in P Furthermore

V R Up 13 x'x
J
X X h I WJ K WL Va A

howrepetitiousWe call it theVeronesevariety
3 Vd is an ismorphism

Proof Thearguments are essentially these him the net case Theonlydifficulty
is in doing thebookkeeping



I Sit n Md I

First Vd xD rally up forces 13,11 to lie on the

same standard ablinepatches Sima F d E ik lol with xd dyed the
withoutloss ofgenerality assume I 177 E Vo set x got 1
Since Vitex I rally m P F J Elk with Y Ix yall
t size d multiset I m 20 ins

conclude I ft X xn L 1 y iget y so Va is injective

4 13 We note V M e Itis of t by construction For the amuse we

followthe same strategy used for n 1

STEP I i Shou V E U
og

U U Ungdin

PG Argusby contradiction t induction on ntd
Pick a E V If U d We break the coordinatesof P1 t t

into I.j mullisetsantaining j copies of n

Claim UI O F IE Lj Aj
0 d 1

Indeed consider the projection it pm'd I is at

IF I I JIJI
Themap is notdefined if XI ja o f IE Tj so it is rational J

By construction Tj Van E Va j n i

Is a c Domainof it then Jia E Yd IFIYI.tk Gtn



So UI o HIE Tj as we wanted
Conclude

UI o f I E a Id and to by assumption the
test follow by the claim

STEP 2 Define Ed Van P regular show 82 85

Pfl We define by on each affine patch Up induct in ntd to

show thevalidityof thestatement
i U ad Pd

U let a noed n a ndn
i and i i and

Weneedto show 6 is a regular map
For this wepick ate a show

aliendivergent

4 edit it ed 4yd we set thatI
ed up is uld is Una d f s

bdivpn.ve u 64 a hall 1 E Yahya Vernon
bednUd

Indeed

noud i i i and i 4kt in you i end Feit iq
Ued

Ued okd l yea 4ud i i i dead i 4yd ik i ledhatin
Uedto hkd ie Wed1 Mady o Med ik dad's wed Kd's

5 01 It it IS n

uedto Med in since and e to because teund Yaeyed
Ein UndMudd

To finish we show that62 85 This will implyValpyVan



Claims Edord idpn
Pf We check it on each affine patch of P Note VdlUn E Vn

So 620Vd Wall Edtuna o Nd
un Ex nohd i i i had in

where Ujud i Yd x
jade xj xd Hj

So loud i i i 4yd in Xo x d t X Xnd t J fxo in

because x d t to on Uk EP

Claim2 106210 Ma A

Pf ig construction 621C a E Uk 3 a ok EP sinceXu Und
1061 Icu x where Xi did 1 Weneedto show x UI
m pl t t ie f elk with X u DIE ch Id
In particular fr I ked we get x

d
e x id Me l

d d and adj

We claim XI Uga u AI Al

To prosethisstatement we partition a Id by thenumberof times k appears inthe
multiset Moreprecisely foreach j o d we define

Kj 3 I E n Id KJ E I kit If

By anstruction Kj gtd 71 3Kd

We provethestatement at on eachKj by reverse induction on j E 30 dy using
he relations in Vd n

Base case j d Follows fam x
d
Maid

Inductive step Fixoejed I E Rj Write I I V3KJ

For i E I set I I bio

Write J KEN A ioKd ER B I U K't E Kjy



Since AUB IU J the relations on Vd n imply 4,4 Yaki
Equivalently UI Up up since u had to m Uka 1 1

Wecheck theclaim on XI using this identity and the definitionof2d
XI x xk Xi x xd UiKd x Ya xd a i ha x XY Xi

I xed
a xdmultiply dividebyxd aidto

hi nd t xt k up x.BE YA Ind B AUB uÉ qÉIXk UJand
ppm BEKjt UI byHH D


