
 

Lecture XX111 ProductsofVarieties theSegreembedding
Recall In our wishlist for properties ofaffine varieties we wantedto have
fiberproducts Is this to happen we need products ofvarieties to bevarieties
both in the affine and theprojective case Later on we'lldiscussthe situation

fr abstract varieties obtained by gluing affine varieties

Product of Affine varieties

Recall 1AM x A can beviewed as theaffinemiety Ant n'a the map

HmxAh Antun

H Il I 11,91
Similarly if Veith WE lit are affinevarieties we can view the

set VxW as an affineminty an Ant Indeed

Proposition1 VxW V I E
t
where I Itv thx in a Itw Kfx int

Proof 11,77 EVAN G I EV A E W G tix to HEINI
Says o t g f Il w

h ix y to t he I
defof I

In the cuserse we show V III E VXW

Since Itv Mex xntm E I then VII E V Itv Rex xn
Ux IN

IW IKCx exam EI then VII E V II W Kai Xutu
Hmx W

Thus V III E Nx I MAY W I Uxw

Segre embeddings

The map x lit Ant does notextend to a map P p It
since the scalarsusedinthedefinitionofPh pm are separated



xis wax my thx nyt x Ex y fr d ME 1k

A map B xp IN will need interaction betweenthe coordinatesof

A
m This is preciselywhat Sega embeddings do

Definition The Segre embedding is the setmap

Tin xp platy inti

Ex Cy Exigj is
We label the coordinatesofP as IZij.li

emma i Tm n is well defined

PH On n HE x1 Cny dux y t xis Tm 163,57

foreach d ME 1kt

Example n m d T
Eye x yo y x.jo toy XYo X Y EM

pi
PT

y Sepevarietyin P

Note A line has xD maps to a line a yo any i 9 yo 9 y inP
Yo Go 0 9 o t y 0 9 o a

Y E
where Do S EP By construction Sri v4 are linearly independent see IK

Similarly a line I x 364 maps to theline Xo bo b o o x foO bob
W Wz

MP3 where Croix em e hw was ane l i on IK

Remark image 6 E V1zooZ 20,2 V In fact equality holds
blouse we can build6 it i V P xp
In addition the 2 familiesof lines constructed abore lie in V They are
known as the rulings of the quadric hypersurface V



Next we build the map Z m each chart of P

On Vij 3 Zi to let i j o or 1 we define2,1 by fu exploiting our

underlying assumption that zij xiyj.nu 19,1 Then wewillbe able to extract a
acts y fromthe first entry pairof6,1 a factor x himthe secondentrypair

Royprecisely G z Zoo 210 Zoo Zo

61,4 CI I Zo Z 17 Zoo Zo

f
1123 I zoo Zia Ezio Zin

I z I Zo Zi Zio Zi

Chain i s o 6 id r f V E in 19,1

Pfl We show T o 61 lui idun u by working on each chart VijofP
For example T o 6 idwoong

sima Zo Z o Zoo Zi mWoon

Ti 10690 I z T I zoo 710 Zoo Zo too Zooto 1 Z10700 ZoZto

too Zoo 701 Zoo210 Zoo211 I E
Zoo 0

Onthe other patches the amputation is similar weset Czijz CZ since

Zito onVij
Claim2 G o G i i id p xp

Pfl we check that this is true on each set Vix Uj P xD Sincethe sets
when xD this is enough Note that 5 I Vix V E Vij so we only
needto show G or no id

up xus We do this calculation m eache

the y cases

For example Viiito Ti lugvoice y
6 x yo Xog ix Yo X19

Xoyo x got to go Xog

xTy
o x yo y I



On the other charts weget a similar situation i wewillbe off by a factorofyjin
h firstentry by xi in the seandentry Thesescalars are nonzero so they
canbe removed

i o Ti lui xu x y Exogjix Kiyo XiY 147,173
xi y 0

Thestatementsfor general man are similar

Theorem The map on m gives a bijection betweenPIM and the projective

variety V VII Emm
tht

where I E KI zig jtg mn is the

homogenous ideal I Zijzke Zil Erj to Jfk jeÉ the

Mowrer V is irreducible

Proof We build an inversemap 6mn V P xp to 5mn
Wedefine it oneach coordinate patch Uheof pm

tht

6min 3min
lung

Vaune SI xD

E i It ie Zk

Claim1 Themap is well defined ie it agrees on the recaps

Pff To prove this we analyze 3 cases
11 Emil 6min m v nun rung fr I l
We need onlycheck the 1st coordinate ie weneed to check ZielYo zig int

fr all Z E VAUnenUng
The relations on U insane that ZieZig ZigZhe to

since ZheZug to m U n UrenUnf weget Zil Egg zig
ti o im

thus Ziel tip m P

1216min Gift m v nun nupe fr p la
We need onlycheck the 2ndcoordinate ie weneed to check Z j o ftp.pj.int



fr all Z E VAUnenope
The relations on U insane that ZpjZee ZpeZkj to

since ZueZpe o m Un Ukenupe we get Zkj Ekg zip
ti o im

has
Enjj Ctp m P

4 Gigi Emit m UnVeenUp for Ktp leg
Weduck both coordinates Note that EEE zagape to mV fray
2kg ape to m UhurenUpg

9 word zig I zig in P Use Z ie Epf ZigZpe
to conclude that Zie EPI zig ti a im ie tie zig MP

Elk't

2 word Zu I zp.gl in P Use Kj Z Pf ZugZp.j 0

to conclude that Zkj ftp.gzpjtjso in it an ftp.jljmit
Elk't

Claim2 Gm no Tm idpm h

PGWe prosethisonthesetUnxve Note Tm Valve EUne
normal 571 64 lcxiyjli.gl fExige lxug III Egil

because ye Yuto
Chaim3 Tm oGm tidy inJm V

Pf Wepronethis m theset none Note 64 Unumsuave

8min06 in unfits
Tm tie Czk j Zietujling

On VAUne wehave tieZig Zig the 17 it k ltj
It j l tiezig zigthe if i k then Zietuj ZigZhe



thus Zinta AN tatsasIn all cases Zietuj Zit tho m Vnukewanted
A

Claim9 V is inducible

PY It's enough to show Vnuke is inducible Kk l In turn
Ununette ist Un x ve e An x am a 6m49 is an isomorphism

6

of affine varieties Since It x m Hut is irreducible then so is

V7Vue A

Corollary1 A product of projective spaces is a projective variety

Q Canwe cover P xD with affine spaces

A YES Pm xD y VixUj VixUj E HmxA

Note Vix Uj Gm Vij AV Oni Nij EP xD

f bij ti standard attire patch m pm tht Theis thesesetsare

Zariski open in P xp

Productof projective varieties

Q Canwe say the same aboutaproductofprojective subvarieties

A YES Use the Segre embedding

Proposition 2 Let VE1PM W EP beprojective rarities with V Vprog II
W Vpro 1J fr IE Ikfxo xp JE lkfy.io ya homogeneous

ideals Then V xW is a projective ruiety Furthermore

VxW Vpro f Golz FEI I Sta iz get t

C ZigZhe Zi ez ki i k j e s epm tut

Here
Guy1206.1 in Tm P xp



Proof Use Gm is a bijection wxw E im on e Golz EV G K EW

Z E ing n
This happens f 16 1 so t FEI

91601217 0 KSEJ
Z EVpro ZigZue Z ie Zn I e

D

The topologymVxW is not the product topologyoftheZanghitopologies n
VXW

Definition H iz y Elk xo xu yo guy is bihomogeneousofbidegree

Ido di if Hix y Elk yo gym xo xm is homogenous

Inthe I variallest of degree do Rix y E Kfxes exm yo it m is

homogeneous in theyvariables of degree di

Examples l I Xoyo t x y t Xzya in Ktxa x ta yo Y 72 is

bihomogenous of bidugree 1,1

121 I 454,3 Xox YoYE in 1k xox Yo Y Y is bitomogenous

of biddgree 12,3
137 I Xo t yo is not bi homogeneous

Corollary2 Zariskiclosed set m P xD are vanishing loci of bi homogeneous

polynomials in IKExo xm yo syn

Proof Z EP xD is closed a 0mn12 e pm is closed

Tm Z nVij E Vij e Amn
tht i

is closed

this z nom i Vig e 5min lui Vix Uj Amx e
t

In is ant
is Zariski closed

Then Z Momin Ui V45 for SE KC s sky boy big t

Homogenizingeach element of S with respect to the variables xi y separately



ensures that Z V KS where S Elk Exo xm yo syn is

generated by a collectionof bi homogenouspolynomials

Lemma2 In Corollary 2 we can pick all bihmeogenous polynomialsto havethe
same bidegree

Proof Set Z Viti i tr with bidugue I fi I di ei
Set D max 3di drE E max 3 Ei er 4
Then VI fi V 13x di yet

e i fi I ball i

so Z V 3g exit
diyet

e i
fi g

i o 4

biding i we Di di t dy hi E e tdy fi I D E tick l
D

E How can we define a regular national map P xp M P

Az We use the segue embedding the standard opencosaontmap
Definition Mmxp Y P Y is rational regular if andonly

Tm in if 4 4 o Omi V IN
putman y is natural or regular

In turn Y is rational Ingular if andonly if thefollowing z audition hold
national maps m affinepatches ofV

Yi Yunus Uni IN

Ijeantutn
s retinal Ingber for all i

Yi ly fun i Uno nYTUrl UneIA is natural regular map the

mutmth

Note 44hunt nunVijInis an open com of the affine variety VAVij EVij
Agreement m onlaps Yiplung nunetTelavinun ties kid



Q Can we give a better characterization forbuilding such maps
A Yes thanksto the fact that UAUij e VixVj is an affine space
its coordinate ring is IKE it infinity
Proposition 3 A map 4 P xD MN is rational it and only i

4 corresponds to a list of Ntl polynomials Ho Hw inKao xu boy
where all Ha x y s are bihomogeneous of the sameagree
Themap Y is regular if andonlyif V Ho An EP xp is empty

Proof By definitionY is rational 4 V P is national

Conditions on the previous page hold

First we analyze condition UsingProposition 520.1 after clearingdenominators

eachnatural map Yij VAVij Ep
VixUj It XI P

correspondsto a collection of Ntl polynomials PIPE É 2g Ig
for k o N not all equal o

Homogenizing with respect to the variables x i e y separately gives a
collection

Pi Pats E R xo xm yo syn Where each Pit to or it is

bitumogeneous of bi degree Idid e'd For simplicity wesay o is also bitumogenous
of any arbitrary bi degree

audition will say Pit Pit in P so we can defineY
using Hh Pio the

For the tuple to give a set theoreticmap Phx P IN the entries

should have the same bidegree ie tu E ik we have



Ho Heng iHN HI peg Be Holy i Tintinixy
This is true if andonly if do d dn co en as wewanted

In 4 to be regular themap needsto be defined at everypointof IIP
This will happen if and rely if Ho Hn have no ammu solutions in IIP


