
 
Lecture XXIV Abstract Varieties1

Lasttime wediscussedproducts Xxx when both x t are affineor projective nineties

Q What happens if we mix Canwe turn xx't into an algebra geneticobject

Say X E 1AM Y EP Then

YAY can beconnedby a collection of affine varieties

Zi X x YAU E X x An e IA x it i o in

Note Zi X XY M NoxUi so it should beviewed as an openof xxx

I VoxUi is an open of P xp g p
tht

since VoxVi Tin Voz
Theopens Zi Z j are related by a changeof coordinates n theiroverlaps

Zij Zinzj E HmxVij Is A xUji 2 Zj77 Zji
X CY J lx My

Day 3 llx.gl ix g g E XxYE E xx't t is closed

Daman n Ultima file't G Gg's'll is
if X V fi tri Y Vpro 161 Gs

These 3 conditions will describewhat an abstractVariety is In turn will
define prevarieties

The transition functions will allow is to gluetheZi's together alsogluetheir
shares of regular functions Oz Note Needto extend our notionofregularfunctions m

irreducible affines to anyaffinevariety
Mainexamples P I Vi Vi Uji ti j
Apn Vp igjxjyi.itjIjn iscloud in the projectivevariety phxph.es mntmt

I xD Y Iggy
VixUj A xMt Amt is an attire

Thin lbijepmatming
variety

byRemark523.2
Thetransition functions come on 2 lifes usingthetransition functions from Example
it Vixvi É's Vix ve fr l j fi Vix u Vexve b k ti
Mii VixUj Midst Vaxve to k ti l j



A pm an Vpro Xi k Xcx's a yjyle yeyj.is e e xD is close

IPreverieties

Definition A ringedspace is a pain 14,6 7 where X is atopologicalspace

Ox is a sheafofrings All our shareswillsatisfy Ox10 E3 f U it continuous

Definition A morphism of ringed spaces is a map IX Ox YOy
consistingof

a continuous map f X Y

a mapof shares f Oy teOx where heOx is the directimage

sheaf defined as U E Dx U Ox18 u HUEY open
Moreconcretely for each U E Y open we get a map by101 Is It Ox lol
that is compatible with the restriction maps Given V E U fins on Y wehave

thecommutativediagram
Oy us to Fox In 0 15101

afur
air it wit You

Definition A prevariety is a ringedspace XOx that has a finiteopencom

y affine varieties Zi Ozil 102 sheafof regular functions n Zi that if
Oz N 34 U A Yly no E Oy I Yi t lij inducible ampmentofZi

Morphisms of prevarieties an simplymorphismsat iitigeidmgp.IE
mie's is

In eachopen U Ex we refer to4,10 as thesetofregularfunctions m U

Examples Affine varieties ofersubsets of affine varieties withthesheafof
regular function The finite corer is the trivial one
We can build new punarieties fromold ones via gluing We first discuss the

gluing of aprevarieties later to the general case



Construction1 Gluing 2 prevarieties
Fix Xi x2 to puraneties leg 2 affine varieties two opens U zEX

Uzi Exc with an isomorphism h Ui z Uz WedefinethegluingofX x2

with an a bae

Imf un
along f an X X W Xe

n an fia tae vi 2

Pictorially

Te
x2

We have a natural embeddings i X ex izxz.es X

We endow X with the quotient topology I VEX is open iilulex
onxz Ii U EX are both open x u

Remark Thistopology allow us to view Xi X as of subsetsofX If Xi Xz are
covered by affine varieties so is X

Sheaf Oy We obtain it by gluing the shares Ox Ox along f as

was done in Problem 20 HWY

regular functions on U a restriction to x no hits in Ox 14,10
X nu Ox IKanu

In each U EX open we define

O 10 3 4 U 1K it 4 902 EQ Iii Nt
our notionfor
angularfunction it Y Yo it E Gx iz ul

xamples O P Uo U U
Take A z 1kt A 21k glueddong Vo IK LIKE vi o

z E
F

o steins

q
X P

i
Opt gluingof Oat Oat along On 11kt Ont1117

4 iz Y Y it ng



MUM fly fifty gnowherewishingmV get nowherevanishing m f u
I g vanishing atmustm sp Ps f i optsUsing thatIK x is an VFD wegetthatscannotvanishanywhere m 114

What if we use f idea I 8 É gain
of
0

Weget an affine line with 2 zeropoints

91 Open nbhds of o top

Al Wehave 2 options i f V
X s pi psE pi Ps E X sotop obot

V2 X cp ps obot

Itv 1h sp ps4 is v open on A

it IVal sp Ps4 is Va It sp Ps of openon It

Q What an OxIV Ox Va

A1 OxIV Ox Iii't lil Ox k Ox Iii've
Construction2 Gluing a collection of prevarieties
Fix 4HiAxil privarieties subsets Vij ex for it j with isomorphisms

Lij Vij Uji satisfying 2 compatibility conditions needed for thegluing
1 fig t ji ti j
R Gayle audition In all i j le pairwise distinct

tis IUjinuju e Vire hjk o fi j fin m ti NjknUji

set X Y X if
an bij la tae VijEX
an a tae Xi ti

Note N is reflexise by construction symmetries by 111 transitive by K

Pictorially

08
X

XK



The sheaf Ox is obtainedby gluingthe shares Ox alongthemaps fij using
Problem 20 HW4 1The audition Vii Xi fi i s idin ti canbeaddedbyhand
because we imposed a na ta e Xi

Proposition1 Prevarieties are Noetherian In particular theyadmitirreducible

decomposition ofclosed subsetsinto finitelymany ineducibles
Proof X Z V V Z Z Noetherian affinemiety x is Noetherian

Lemma I Opensubsetsof prevariety Ix Ox are prevaricties

Proof It U EX is open then O Ou Ox o is a ringedspace

X Z V U Z with Zi affineminty then U 12no Zhu
IZi nu Xi is an open ofthe affine ruiety Zi
We can com x as a finite min ofbasicopens X i É D Iti
By Problem 1 HW4 Ditij is an affineruiety I indeed Ditij g Anti'tZiEA
so Xi Ox is a prevariety corned by IDltij ODIs
Conclusion X is coveredby finitelymany affine varieties D

Remark Wecall 10,0D an open prevariety of Ix Ox

Q What happens for closedsets

I We get a privariety but the sheaf is harder to construct

Definition Given Y E x closed set of a preveniety wedefine a sheafby as those

functionsthat are local restrictions of rig functions m X i ie
U r Oyu 3 9 U 1K HaeV F VEX open aEV YEA V with

MY 4 4 m Unv

Lemma 2 Oy is a sheaf ly Oy is a prevariety called a closed

prevariety ofX

Proof The shut axiom is easy to check because by isdefinedby a localproperty
Fr the purariety chain it is enough to check that is every a thin men VEX



the ringed space WAY Oypuny Iviewedas an open ofY is isomorphicto

the affine variety IUny Cluny viewed as an affinesubvarietyoftheaffinevanity

By Lemmal the latter is a prinariety so IY Oyl is a purity HeeHwa

Corollary1 If X is a puruiety YE x is closed then Yes x is a

morphism of puvarieties

Corollary2 Fixf X Y morphismof puraieties Z EY open closedprevariety

Then f Z Ex is an open closed prevarietyofX


