
 
Lecture XXV Abstract Varieties II

Recall IX Ox is a prevariety if it has a finite open corn byaffine varieties3ti
twiththe condition I Zi Oz satisfies Oz Gx12 Zi ex tent
Name Gx shotof regular functions onX

Lemme 1 Open closed subsets of purvieties an puraneties the inclusionmap is

a morphismof purarieties
121 Puranieties canbe glued along invertiblemapson opens ftp.yyygisatisfying

compatibility conditions fix fj no fig in VijnVik tis j k

Ex P any attire or projective variety

1 ProductsofPuranieties

Next we show that theproductof z prevarieties defined via universal property is
a privariety

Remark We use the universal property as opposed to working with corersWifiofX
3Ugly ofY by affine varieties to define Xxx Oxy bythe corer34xUji

to croid the need to show independencewithnsfectto thechoice of corers The
universal property gives uniqueness the independence willfollow from this

Definition Fix X Y z prevarieties A product of key is a prevarietyP

together with morphisms Ty P X I P Y satisfyingthe following
universal property finn Z punenety maps fix Z X try Z Y then

F f Z P morphism of purarieties with tx Iot Fy Tyof

Theorem1 Any z prevarieties X Y have a sroduct Furthermore it is unique

up to unique isomorphism Wedenote it by xxY It's topology is theproducttop



Lemma I The statement holds for affinevarieties

Proof If X VII Mt Y V J Elam then XxY V I I J e Ant

with Its elk x y ideal The space P is endowedwith theZariski topology I
theproducttopology
Then Oxy 10 3 9 V talk regularatevery point labl m U

3 Y U Athant I 4
who

is regular forevery inducible
ampment Wof Xxy

Locally man of V of an inducibleampment W of xxY we have

Yiu Iggy E IKIN f gElksW gnowhere on

Themaps xxx X Xx y I am the usual projections obtained

yrestricting a x
m H't it Ax me the m

Themaps by É Axl 10 4 Oy Kxtx Oxy have assignments
OnYpf Y Y Tx

oxy
OnYong 4 40 y

y

Since 4 is ngular Tx Ty an polynomialmaps the ampositions are regularmap

Claim1 IP Tx Ty satisfies the universal property

PG St theoretically P xx't so

y Z Y determine t Fx Fx

This function is continuous satisfies by Ty of a fry yo f
It is regular e f x shy are regular
Weneedto check f is a morphism We define Op f Oz
on gens V E P Upto 0718lug

By thesheaf ex in its enoughto build f 14 locally onU so we can workwith

opencover 3Unla of P Yg then Su ha s lk xxx Sknowhereonthe

f corresponds to a pullbackmap Indeed f leiva ft hg 4th
i

find fig Elk f z fish Shot is nowhere 0 on f V EZ

By the definitionof YEUp101 thelocaldefinitionof4 meachopenVagrees in onlaps
so Yiu glueto 4



Thusbythe shuef axim fly u on Un's coming theopen U glue to a regularmaponFlu
Claim 2 Uniqueness followsby universal property Istandard argument Claim3in the

proofofTheorem

ProofofThroumi By Lemma I the statementholdsfor inducible affine varieties

Forthegeneralcase take opencornsSZi I 3Uj is of X Y whctively by
thinevarieties glue the affine products i xUj along the identitymorphism
following Construction 2 524.1 Moreprecisely Zi xUj ZuxVe are glued along
Z i nZn x 1VinVe These sets are open in both ZixVj Zuxve because

theZariskitopology is finer than the producttopology ZinZe is openin X
IseeLecture 52.3 Ugn Ve Y

so they an open in E I EI respectively

We let P be theprevariety obtainedby thisgluing Thetopology ofthegluingspace
P is such that ZixVj P is continuous In particular ZixVj is open
in P Thus P is covered by finitelymanyyensZxVj allofthemareaffinevarieties

Byconstruction settheoretically P is the usual product XXY

Chinn themaps Z xVj i
s it Ex are regularmaps betweenaffinevarieties

Zi x Vj Tali Vj E Y
theglueto morphisms P Tx X P Y Y
Tx zi xu IT it Ty zing tali's m Zixu EP which corer P

PH Atthe topological level the maps glue to the projections XX P X
x x y P

We provetheclaim for shares for it The one forTy isanalogous
Oneach ofen U EX we define IT in Ox101 shxt Up VixY

4 I YoTx
Y is obtained by gluing Yi YI unz a regularfunction on theofen UnZi inside
theaffinevariety Zi using the shut axim

Similarly Y Ix is obtained by gluing Mota
epoxy Mantiwhich

are regular functions m Ziro xVjAj The result lies in Xp Ioxy D



Claim2 P Tx Ty satisfies the universal property

Pf St theoretically P XxY so Fx Z P
by Z p

i determine t If Ly

This function is continuous satisfies by Ty of a fry Myo f

Weneedto check f is a morphism we can do this byrestricting to an affine
ofencorerof both Z P byineducibles that iscompatible with f

Set 3ZixVjbigtobethe combyproductsofaffinevarieties as in theproofofClaim

Consider f IZ xv fill Zi A Gj Nj

By construction they are open in Z theycorer Z so theyare prevarietiesby lemme1524

Since fx fy an morphisms both fi iz fi Uy are prevarieties so

they can be coveredby fernswhich are affine varieties These intersections are

opens in affinevarieties which we com by basic opens These are affine varieties

We can breakthem into their inducible components

Conclusion Z W V UW with Weqfiqy.ie FineWa ZixVje

Byconstruction Flwe Ifxiwa tygwa hygiene Zi halwaWplj
are regularmaps so fi wa is a regularmap Locally ftcorrespondsto a pullback map
as we saw on the proofof Lemma l

Claim 3 Uniqueness upto unique isomorphism

761We lit 17 Tix Till be ianotherproduct use the universal property

The morphisms f of P P idpsatisfy the
universalprop for P

p ay t si a s ng g ga gg
Tx off o fl

T Ty of Ty I yot Tyo tf o4
So f o f idp



universal property Ty IT of forcesi T x T y o tfof Ty It o f forces

T y Ttyotto f so f of idp by
uniqueness

B
52Varieties

Last time we built by gening It with itselfalong1K IK

Wewant to exclude such spaces fun consideration The extra property thatwe will

require is inspiredby the followingresult in generaltopology

Definition Jinn a topological space X its diagonal Ax 3 ix x x ext is a

subset of x xx endowed with the producttopology
Proposition1 X is Hausdorff it andonly if Axe xxx is closed

In our selling the prevariety xxx is notendowed with theproducttopology
butthe Zariskione inducedby its finite ofer whenby affinevarieties

DX

Example y ab 88 xia with a

a
xxx extralines

Dx is not closed 1a b lb a E Dx Dx

ZeddOX is thegluingof with alongaction lx É vÉ
Xxx is obtained by gluing acopiesof A'x A along IKEA IKI

so U E Xxx is open Un IA'x It E Xx Att A is open

Thes Un IA'xH I Digi Si E kex y
D IIIsil Dig fr Selkley

Note The 2 copiesof x It agree except at ax 1h bx it Aka litx'b
These are closedsubsets ofeachconsof HIA



Oneachcopy Un xRt n D Dis nd O E x y I g

But if lx yl lg then 19074Un at't anti
Conclusion t Uopen with 19b FU wehate UMD to then lab lb a EAT

U U lb a E U D

Lemma2 If X E A is an affine variety then xxx is an affinevariety in

Dx E xxx is closed in the Zariski topology
Proof Since Xxx E A is closed it is enough to show Axe at is Zariski

closed If X VII EIA then By V15 e 11th where

S i fix fig FEI I V f x y i t in e kex x y y

Definition A prevariety IxOx is called a variety lait'sseparated if thediagonal

Dx E Xxx is closed

emma 3 Open closed subsets of varieties are varieties Wewill callthen

Gen closed subvarieties respectively

ProofFix EX ofen closed takethe inclusion morphismofpreraneties i 4x4 XxY

whichexists by the universal propertyof Xxx 4x4
YXY Til

11141
5 By tax bye ay

Dx is closed is dsed
Ii continuous

Anotherkey propertyofvarieties is the following
Proposition 2 Fix f g X Y morphismsofprevarieties assumeY isatan'et

Then 11 The graph P 3 Ix fix x EXE E Xx't is closed

121 The set 3 X ex fix e six E e x is closed

Proof 111 We use the universalproperty of product to build K idl xxx 4x4
xxx

T
x

I
Xy sit By construction 9 hid

Y



Y is avariety so Dy E Ya is closed

Conclusion Pg Y Dy If id IDy is closed in Xxy

2 We proceed in the same Yashin

Thai t By instruction 4 158
Is

Y is avariety so Dy E Ya is closed

Conclusion Ix fix fix E 158 Dy so it is closed in Xxx


