

















































































































Lecture XXVI Compactness in Algebraic Gentry

1 Compactness Hausdorffaudition

Definition A topologicalspace x is sequentiallycompact it any tencores 3Kik ofX

admits a finite subcorer

Remark Any NoetherianTopologicalspace is sequentiallycompact so affine
varieties abstract prevarieties are sequentially compact

Definition A topological space X is compact if andonly if for everyother

topological space Y we have Iz XxY Y is closed ie foreach
x y y

Z e xx't closed I it It is closed Here we take theproducttopology
in Xxl

The following 2 results are standard statements in generaltopology

Propositions x is Hausdorff G Dx E xxx is closed wrt the producttop

Lemma I It X is Hausdorff then X is impact X is sequentiallycombat

The topology on XxY fr x y purarieties is not the producttopology

Moreprecisely if X X V UX an opencoverings of x Y byaffine us
Y Y V UYs

the space x xY is obtainedby gluing the affine varieties XixYj e
it J 4 11

endowed with theZariskitopology along the identity maps on the overlaps
Thetopology m Xxx is the quotienttopology This implies that theillectin

Xi xYj is is an open comingof the space Xxxby affineopens In particular
Proposition2 Fs x y prevarieties wehave

Z E xx Y is open dosed G Z M lx i xyj e x ixyj E
ith's

is Zariski open closed H i j




















































































































Consequence To talk about Algebraic Geometry versionsofHausdorff ampaitness

We replace the product topology m Xxx Xxx bythe Zariski inducedone

Hausdorff audition no Separateness audition definingvarieties us prevariet
D E xxx is Zariski closed

Compactness audition no Completeness condition

52 Completeness compactness in Algebra Geometry

Definition A variety x is calledcomplete if theprojection T2 XXY Y is
closed for any previetyY when xx't is endowed with the Zariski topology

lemme 2 It is enoughto checkthe completeness audition m affine varietiesY

Proof A Affinevarieties are varieties

E Assume Y is a prevariety write Y Y V UY tobe an opencoming

by ath'm varieties Fix Z E xxx closed We wantto show 11212 EY isclose

Claim1 11212 EY is chsed

Tz1ZlA4jEyyistZarishildsed.Pf13YjEj.sare an open corn ofY
Claim 2 Z E Xxx closed Z n XxYg E xxYj is closed

Pf We consider an opencoming X X V UXs of x affinevarieties Ourdiscussion
on page ensures that X xYj is obtained bygluing Xixyj In particular by
Proposition 2 appliedTo xxYj wehave

111 Z j Z ni xxHy is closed Z A MixYj Zn1xixYj is Zariskclosed

gina xxx is obtainedby gluing i itis we had
z e xxx is closed4 Zin mixYj Znixing is Zariski died a

combining 111 121 Claim a follows

To finish we note that 5212 74 4xxyj.IE YIxxyj byChainz
Since Y i is affine our hypothesis ensures talky is closed Then it212 NjEY

s closed t j Claim t ensures that Taiz ty is closed as wewanted D




















































































































Remark An alternative proofofChainz canbe given by confirming that 3xxYjlj
is an open set of xxx indeed Xxyj h HixYu XixHinYu which

is open in Xixxx by construction precisely because xxx is obtainedbygluingalong
theopens HixYj nituxye him x Iggy if bothXixyj Yuxye

Example Sit X Y 11th consider the projection T2 A x H It

Assume that IK is infinite

Theset Z V xx n E xlt is Zariski closed However I
Tz IZ 3 y of Dly e IA

EA IA so
is open notclosed it ik is infinite

The issue here is that Z is notclosedin theproducttopology is IK is infinite

Claim firm x y 42 there existsNo U eat Vert Zariski openswith X E U yeV

N X V AZ 0 Thus Z is notdosed inthe producttopologyof x

Pf Indeed byanstruction U At 3 xi x E V lit 3ya yr so

Uxv A'xMt n I I KilXIA I V Fi IA'xsyi
Since IK is infinite F YEA x xs y y 4 with toeAt 1 1 Yss

In particular Yo t.IE UxVI A Z

Example2 In contrast take X Pie y talk with ik infinite Then

Z V xy i E x A E box A E P x th is not closed but

É V ix y Y E Mix x A is closed É Z U 361 o d

I E It is closeda IA I
I A 3PLZ IZ

E I A
Our next goal is to answer the followingquestion

Q What's special about projective varieties comparedto affine ones

A They are impact when TK 1K



hey
Here is our main result
Theorem 1 Any projective variety on an algebraicallyclosedfield is complete

Weprose thestatement forTM Y P deduce the result forany x fromthis
usingLemma2

The case of Pm

Proposition3 The projection Tz P xD P is closed if IK Ik

Recall Corollary 2523.3 Z EP xD is closed G Z VIT F SITXP
when I I an bihomogeneous polynomialsin IKexo xm yo yn

Lemma3 We can pick all Fi fr to havethe same bidegree

Example 1 2 n m t I Xo Y t X Y I Xo yo t xpy
bidegree I I il bi degree 12,11

V IF i V I F x o F x F x o I x han bidegree 2 1

Proof Set Z VIE Fr with bidugue I fi I di ei
Set D max 3di drE E max 3 Ei er 4
Then V Fi V 13 2 di yet ei ti I balli
so Z V 3Gget xi

d
yet eiti 18

i o 4

bidgree Gi we Di di tdexti E e tdyy.fi I D E tick l
D

Proof Fix Z EP xp closed By Corollary2823.3 Lemma3 wehave

Z U ft Thr EP xp
where ti f an bihomogenous polynomialsofthe Im bidegree Id e
To show Tait is closed in P or equivalently IP T212 EP is open

Next we fix a EP I determine polynomial auditions characterizing a ER
In each i is i r we define Gi iz Fifi 91 E Ktxa Xm

Byconstruction eachGi lx Elk fx xn is homogenous ofdegree d



Since I 1k we can invoke the projective Nullstellensatz

after I F x EP with ix a EZ Up j
G fir 0

to
NallstellesnsatzQ.it 2Io Cxi xn

F ki her 2 with Xi e G Gr ti

xx xm E G Gr fo Sme N

for i Take N Er ki a fi k take ki n ti
Here Ktxa xD n Nthdegree imprint of kex xn

Note The last audition can onlyhold if N d Furthermore it is equivalent

to Ktxa x In G G n Int graded pieceofthe homogenous
ideal CG G r

CG Gir Mikko x N

This say 7 HE Kexo xm w f hi h r E Ikfxp xm with

H hiG t t heG r

Since H G Gr are all homogenous we can choose all hi's to be
homogeneous with dig hi t dig Gi digH ie digHi N d ti

This discussion yields a surjective IK linear map

n d Kao min

hit it thr G

Let's do sm dimension count

dim 111kg xm at r din k xo xmtn.gl r Ndntm

dim I Kfxo Xm n NII
Themap I is represented by a matierMwith INI cows fn dti col

Sima the map is surjective oh 3 rows rk M INth



If we choose thee standard monomial bases on IKExo Xm
n d Mito Xm

theentries of M are homogeneous polynomials in a of degree e ttheycomefrm
coefficients of Gi txt Fitz s Fi had b idegree id e

By construction rh1M Ntn s cob M is maximal this

audition is achieved it and only if one of the maximal minors ofA is

not vanishing ate Such a minor is determinedby a choice of columns It Ir
with 1 I W U Irl INT Each minor is a homogenouspolynomial in EEP
Conclusion If Ta IZ G E E Y Diminish EP
Thus IT212 is Zariskiclosed inP D

Corollary1 Fix II elk let Y se any attire variety Then the projection map
Iz P XY Y is closed

Proof Assume Y E IA s Vo EP fix a Zariski closed set in

Phx Y We ansider the closure ofZ in the projective variety PIP

ByProposition 1 FEETP P is closed so III EP

is closed Now Z En HmxY so

TalZ Ta IE nitty Iggy
Y is closed in Y

Backto our example on 52

Example Ah is not complete becauseEVixy i e at x ht is closed but

Ta I Vixy il A 1304 D Ig is not closed I It it is not a finite set

Consider Ze x It E P'x H EEP x M É Vl x y X
Then 52 E A it lo 1 o ID I Z

Adding the points at infinity
of Z doses the image

y
It



sProofof MainTheorem

By Lemma2 it is enough to check T2 xx y Y is closed whenY is
affine

Fix Xt a projective variety let YEA bean
affinevariety Fix Z E X X Y E P x 4 a Zariski closed set

Claim l XXY is closed in P xY by construction
Pt Since I U U UUn is an opencoming with Vie IA ti

Thum 1 Ss19.1 antiring theZariskitopon I clouds sets are Vpro157 fr Selkexo xD

setofhomogenousideals agrees with the one making P a prevariety wehave that

1PMXY IXXY Hmx x Y E Pm xx is Zariski open
because PY X is Zariski open in Pm The later fellows since the Zariski

topology on P xy is finer than the producttopology induced bythe Zariskitop
m both I m Y D

FromClaim Corollary I we conclude that I 12 E Y is closed


