
 
Lecture XXV Completeness finite maps I

Recall X prevariety is complete it t Y prevariety wehave T2Y I
is closed

Here xxY is endowed with the 1Zarishil top inducedbytheprevariety structure

Lemma It is enough to check thecase ofY affine varieties becausethey are an open

userofanypurariety
Theorem It Elk any projective Kriety on IK is complete

Proposition If I Ik Fa P xp it is closed

Remark Assuming Z VIF F1 EP xD is closed with Fi Fr bihomogenous

polynomials in IKfo XmYo yn then Aziz EP is closed by theProposition
Moreover

1212 Vp a ti it MIKEy
In otherwords we needto eliminate the y variables fun the bihmogemous
iideal generatedby F Fr This can be done using Grabnerbases

Net every complete variety is projective the Hironakavariety which is a
smooth 3 fold

1 More on complete varieties

Here is a key propertyof complete varieties

Theorem1 Let f X Y be a morphism ofprevarieties AssumeYisavariet

If X is ample then fix is a complete closed subvariety ofY

Proof Since X is amplete we knowthat Tc Xx Y Y is closed

We prose the statement in 2 parts

Claim1 fix E Y is closed so fix is a variety by Lemme 3 525.2

Pf Since fix Iz Ff where I graphof f in Xxx
L X fix xEXYeXxY

it suffices to show that Pg is closed in Xxl This is true becauseY is a



variety Proposition class25.27 Indeed Pa Igf typ gxxY
is closed

Claim2 fix EY is amplite

Pff We check that fix satisfies the definition By Lemme2 525.2 it i
enoughto consider products with affine varietiesY

Fix Y an affinevariety set tie fix Y Y We want to show

that I 2 EY is closed whenever Z E fix Y is closed

To do this we ansider the maps

4 1 f id Xx Y Y XY Iz X xY Y

They are related to ta via the commutativediagram

xx Y Y flyx Y

Iz Y
Then Ii 127 E Y 14 at Iz Iffy jiggered

in Y because

X is complete A

Remark Weonly need X to be a complete prevariety Y to be a varietytoare
the resultsfrom525 526

Corollary 1 If I 1K x y are projective nineties Thenforany regular
map f X Y we have that fix E Y is closed fie wedon'tneed totake
closure of theimageto geta projective variety

Corollary2 Assume X is a crusted completepresuiety Then Ox1 7 K ie every

globalregular function m x is constant In particular O IPI TK
Brook Pick YE 0 1 1 Weget a regularmap X

K
Ilocally

rational Charing denominators willgive us amap to P since locally4 f e
g is nowhere o n U

I m T X Ph Nile that Ct Im I so Imt EP



By Theorem1 Imf EU EP is closed Theis Im T is in finiteset
Y is continuous x is annected so Imf Imf is annected

it isPuth

Conclusion 4 is a pt I connected finite a singleton ie Yisanstan

When X P Thrown1 526.1 ensures x is anyleleprevariety

Corollary3 Let x EBI be an inducibleprojective variety on I K with1 152

then for any homogenous polynomial
F Elka xn of positive degree wehave

xDUp I 0
Remark The statement fails for HIEI givenany pet we can findFaith
PG Vpro It The point ofthe corollary is that we cannotdo this if 1 172

Proof Picktwo distinctpts pig EX Given d dgF so we can find
GE Kao xn with Glp o Gif to leg Gift i m a representative

Reason Finding G Isaak corresponds to solving a linear Stitt

of 2 equations if 15
P 0 in Eaa

d
f

Since ptg and p'd 1 Ip 9 1 5217 the injectirity ofVd

Theorem3 522.2 ensures that the matrix ofcoefficients of has rank 2

thus the system is consistent ie it has asolution

We arguebycontradiction Assume Vpro IF A X 0 ie Fix to Fx ex

Thus the map 4 X P Yax Fix Glx is regular

1 F G are homogenousofthe same degree F is nowhere 0 in X COD Imy

By Theorem 1 4 x EP is closed proper so fix is a finitesetofpoint
Since X is inducible then Y x is also inducible Anydecomposition 41 1 4 UYa
sires adecomposition X 414,1 V4 Ya Thus Y X pt
However YIP Fipl Girl I O 419 Fig i so1411172Cutie



Corollary4 Two wires inPE intersect

RemarkThis is a particular case ofDefeat'sTheorem which willalsosayhowmanypoint
of intersection wehave

2 Finitemaps
In order to setthe foundations for developing dimensiontheoryforvarieties weneedsome

preliminaries from commutative Algebra thenotionoffinitemaps

Recall Given 2 commutative ring A B a ring homomorphism Y A 3

we can view B as an A module via a b Yip b E B DaeA
Hb EB

Definition1 Wesay Y is finite formodule finite if it makes B into a

finitely generated A module ie f bi b EB sit

B ACbi b 4 Er Yai bi i ai a E A

2 Wesay Y is of finitetype is B is a finitelygenerated algebra on 41A

IEquivalently F Acxi xn DB injection extending 4

1Wesay 4 is integral if every be B is integral over 41A ie F neo

9 sa EA s t Pig b than b t t Yian b t Yian o

Key Pix E 41A x is monic

4 An integral extension is an integral map f A B that is injectise

LemmaI Y A B is finite Y is integral andoffinitetype

Proof In field extensions K L we know the statement from MATH6112

L is a finite dimensional IK vectorspace in L is algebraic on IK

k L is a finitelygenerated K algebra

The proof for modules is verbatim D

Our main interest is in the contextof affine varieties regularmaps betweenthem



As we discussed in 511 t we can always assume ourregularmaps are dominant

Fix Xent yet affine varieties and I X l a dominant regularmap

We havethemorphism ofshares Y Oy Yi my inducedbypullback
In particular weget a ringhummophism Iin fact a homomorphismof1k algebras

4 4 A O Y Ox14 ly QM B

f I y't fox

Recall If X Y an inducible and K K thenbyTheorem 1 5 13 1 wehave

OxHl Ikf x Kfa xm

Ix
9141 key 1K181g yin

Y is the pullback may 4 A B
F F 9

Our objective is to use finitenessof4 to study themap 4 Here is a

sample statement

Theorem Finite morphisms of varieties have finite fibers lie fly is finite
for all yEY


