
 
Lecture XXVill Finite maps II

Recall Lasttime we discussed properties of 4 A B ring lununurphism making B anAmodule

4 finite B is a f g A module

Y finite type E B is a bg A algebra

Y integral I envy beB satisfies a monic polynomial equation in 41A x B
insintegal

Lemma Y is finite Y is offinite type integral

In our context XOx
Y YOy morphismofvarieties

Weget morphisms of1Kalgebras II O 10 014 1 foreach VEY open

Definition A Ingular morphism Y X Y of affine varieties is finite if

4 4 01.4 Ox IX is a finite homomorphism of 1K algebras
Disclaimer Throughout we assume IK is an algebraically closedfield since in this
antext we know Ox x The same result will hold by instruction foraffine
schemes on any ring
MainTheorem Anyfinitemap betweentwoath'revarieties Kik is closed has

finite fibers

The sheaf Ox for Tik

By Theorem I 513.1 we completely understandOx for any irreducible affinevariety
Indeed Ux ID if e kex in the kex lol

The same statement holds for arbitrary affine varieties
Theorem1 fixer X E A affinevariety over it K and anyPEX wehate

11OxIX IKEx 12 H f E IKEX 204 Ox11181 e Rex 131Oxp Ilam
Proof 111 followsfrom127 when f l 131 followsfam 127 sincePED if Fip to temp
Weprove 4 Fix Fe Ky 309 so Fix to face fl Since E Ix Uns

by Hilbert's Nallstellensatz weconclude that SE En E 1143 is multiplicalisely closed

Bydefinition OxID11 3 1 161 theregular locally national



We get a naturalmap ofill algebras

Maxi exa in d
s OxPx Ifl

Im I s a gin g Elka
fm

From this point on the proof is almostverbatim as the one givenfor the casewhen
X is inducible I seelecture131 Thekeydifference is that localization is notas
simple as when K x is a domain

Claim1 Ker12 In K In Ikea Xu f

THEElle K Em ix to txt Mit six so txt DxIfl SEI ID
It is clearbecause I IX I IID 14

If ge I ly 181 Sf EIN Im Hmt E IN It
Claim2 L is surjective

Pff Fix YEO 18 181 opens Vi Vr decomposing DX It
Si is hi h E kex xn with hi nowhere o m Vi s t

Yi 4 u fi ti is r

By instruction we can replace Ui by a basis of Vi Dx Pi ED hit fr pi It
Claim3 Wemay assume Pi hi ti
Pf him to Axe Dxtpi XANIpi XVIpi While ftp.il
Thus Pi E Il Vxthill Init Chi by Hilbert's Nullstellencatz

Thus I met with pie In Chi ie F GE INI st Pim'tg E Chi

SinceDip D pimil Dx IPimitfl wemay replace piby pimity
assume pi f Chi

To finish ft fifth tsifight so we can assume pi hi
replacing si by SiPichi

Next we relate the various rational expressions for 4 on each Vi



Byconstruction Sj L m Dy hit nDythj Dythihj

By Claim I applied to f hits we conclude that

IT j on IM
pnihjp

Ilx7 lkfxii xnllhihj

Thus F N St thihjl I gihj gj hi
E Ix ti s

Sihinhjnt I gjhjw hint
Take N max ofthevalues for each pairof indices it j in hi o E

Replace Su by Sahin hipby hint t k is or to get

It Skating Sinj sjhifIix ti j

Since 118 y Dythy by construction weset

Vx fl Xn V18 I Xnvini X MV this shr

Hilbert's Nullstellensatz gives 1 I txt f I Iix hi ihr
In particular 7m31 ai ar E kex xn s t

f II ai hi E Ix

Claim 5 Y L a 9 it angryfm

pm
on Dxthi becauseH lyin I

9 sit ta gr

f Si II ajhjg.iq II ajhigj 1fi ajgjl hi modIM
So Msi hi tf agg m X 2 Delhi D

Asimilar statement holds for abstractvarieties Ox101 is amplitely determinedby
thatsOx thnx it for an openonering X X u ox by affine opens



Corollary1 If Y Ex E la an affine varieties then Y IX corresponds to

i Ox i Oy Themap it is surjective
Proof By construction i x Ox x kex Key Oyly is induced by
IN EIN Then thismap is surjective On each basisopen By1ft of X wehave

2 IDx187 Dy18 By Theorem we hare

i
is Idyll KID is KEY Q Byti forevery telkfxi x Ix

so it s thelocalization map Since it is surjective thesame is truefor it
In particular themap if Oxp Uyp is surjective Apex Oyp lol ifpet

z Simplificationsm Y

Definition A morphism X Y Y ofvarieties is a closed immersion if
H Y IX EY is closed

41 4 induces a homeomorphism between x fix
131 Y Oy 4 0 is a surjective morphismof shearson't

Lemuel Any closed subvariety Y of an ash'mvariety x induces a cloud immersion
Y x
Poot By Corollary I Y it corresponds to the surjection KEX KEY
induced by the inclusion I lx E ILY Elka xn if XExt

Remark We can factor Y through the closed variety Tx Oy
whereOy

is the induced subsheaf defined as in Lemma2524.1 By definition we have

x Ox Y Mix O
Yin

Yin
emma 3 525.2 CorollaryI 524.1 ensures that i is a closedembedding

LemmaZ If YI is finite then 44g is finite

I



Poot Byconstruction YE 14ft KY IDK W Rex
f f

f
Since it is surjective it follows that tax is fg one key if andmly it
K x is Fg over IK Fix Thees Y is finite 14 In is finite

Conclusion We can assume Y is dominant byreplacing 4 with 4

Q What is the advantageof working with dominant finite maps x I Y
between affine nineties X E lit Y E IA our II elk
A Sinai K Theorem I ensuresthat It corresponds to thepullbackmapon wordrings

Y A Key REX B A IKCY Yu ly

Furthermore
B IkCx xmy

emma 3 Y is offinite type Y is injective Ibecause is dominant

Proof Part 1 follows byconstruction Yik idk Part 2 is a consequenceofProblems

HW4 Y dominant e ke N't e nilradicalof key But Ily is radicalby
theNallstellensatz so F toy in 1k y D

3 Finitemorphisms forkik theaffinecase

Let X y be a dominant regularmap between affinevarieties with YE In

By Theorem 1 we havethefollowingstatement

Proposition 1 Y is fine if andonly if YI OyID if Ox14 Digi is fine
Afelly 30

Proof Byconstruction Q 14 Dig Ox1D tot By Theorem weconcludethat

45 correspondsto thelocalizationof4 4Th MY a s IK x fox

I Y is finite Yip is also finite
Take f s to conclude 4 YI is finite D



Remark Thiswill be used to extend thefinitedefinition ofmorphisms to abstractvarieties

Next we write some examplesof finitemorphisms

emma If X It is a closed immersionofattirehas Kik then 4 is fini
Pf It is enough to show that 4 is surjective But this followsbyTheorem
since Y My tax comes fun IN E IN D

xammple i Fix Y EMt an affine variety ik Ik and a am E0,14 Set

X 3 4,4 E Y x A Fatt tht a in t t t am in o

Assume FWEY St Faith elk t has only simple root

Then X is a Zariskiclosed setof Yx A and the composition

X C i n Y xMt Tt Y

is finite FurthermoreQix is a freemodule on Oyly with basis 3 i t th l

Why Using That we have by y key so

X V thtAna t t Amul S Ily Ikea y
for Ai f kex xn with Ai ai E 1kcal sun Ily
Furthermore I x 1 Ily Mfg y te t t Ai la th t Am in

Ily Mfy y te t t Ai la th it Am in

The first arisesfromtheNullstellensatz theseamedone ames from the fact that

Ily key y te t Aila t t Am in I
Y

ta ti't tag
has me nilpatentsby audition K
Y T oi is finite since 4 45 My REX

flu I fo t tiny
Rex Kai un t Ily at A la th t Amin KEY t tha intht an
Tas IKfy Y kex is of finite type integral hence finite byLemma1527.2



Remark The audition I can be stated by says that thediscriminant ofFact
does not whish identically my ie disc tutti 4 Ily

The next insult gives a meaning to this terminology

Theorem2 Afinitemorphism Y X y between affinevarietiesontk.tk has
finite fibers get 4 ly is finite possiblyempty

Thesizeof thefibers can vary alongY If X y an inducible Y isdominant

this number willbe constant on a denseofen set ofY

Proof By 52 wemay assume Y is dominant ly 6 if y Y Ix

Fix IK x Rex xm HEY Key Tn
In

By Lemma 3 Y Hey yn s k x x Jay is offinite lyfe and
injective Thus since Y is finite Lemma I 527.2 ensures that 4 is integral

ti o im 7 Nito bij e IK y St t bi t bin Key k

with Pitti o in KEY Ii

Now evaluate each bij e 114113 3Y It ngE at yEY to get a polynomial

Pity Elka with Pi y Ki o

Thus Pi y E Il x Root Pig EdegPig Ni

Chaim 4 s El TexanNi

Pff It is enough to check x EY ly Pig xi 0

Indeed Pi x xp t bin pg x
ni

t t bi wily
because Pi y EIN x X

m

so Y ly E II rootsofPiyl so 14 4g E d d max degPig
it is m

D

Converse is nottrue


