
 
Lecture XXIX Finite maps II

Fix II 1k a regular morphism X Y between affine varieties

Definition Wesay Y is finite if 4 4 by14 Ox x is finite

iffy x since I Ik
Lemmon Y finite T is i 1k471g O IDial 0 1018041 kex yay

is him

tf e lay 1309Remark Y surjective 4 is finite
MZ x I Y closed 121 i X i tx homeExamplet Closedimmersion X Y
3g i b yo is a sarjectisemorphismofshotsonY

Wecan restrict to dominant regularmops X 4 y finite e x Tix is

Advantage Y dominant Y is injective

Theorem Y has finite fibers
Thesizeof thefibers can vary alongY If X y an inducible Y isdominant

this number willbe constant on a denseofen set ofY
Converse is nottrue

Example Fix I K set Y V xy 1 IA Then

tx yl s y
it 4 has finitefibers 14 ly I I n o

127 4 isnot a finitemorphism K x y
yy

is not a finitely generated Ky module
11K x E MCMDay 1

1 Mouon finitemaps foraffine varieties orrick

Lemma I It x Y Y Z an finite morphisms ofaffine varieties

then 207 x Z is also finite

Pt On algebras Oz177 Oy14

Q ly s Q lx
a finite 1 41 4tog

makes Oxtxt a finite OzAl module D

Here is the second main propertyof finitemaps



Theorem1 Afinitemorphism Y X y between affinevarietiesontk.tk isdead

To prove thistheorem we will need the following lemmas

Lemme Given Y X Y a regularmap between affinevarietieson I K write

4 44 key kex Fix an ideal fEgly key let Z V lb
Then 4177 4116,1 11 Vx 415 x V It 141N ex when

I Rex xu Mex if X E lit is the natural projection

Proof 4 121 3 x ex 1914111 0 t.geb Ytl61 17 41416
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We'll need the following um standardversionof Nakayama's Lemma

Nakayama'sLemma If AG B is finite RE A is a proper ideal then O B E B

is a proper idealofB

Proof The result follows by thestandard versionof Nakayama'sLemma for f g
modules oses local rings 1A M loudring M a fg A module withM MM Mo

Weargueby contradiction fix ME A maximal ideal with dem We extend

3 into an Am module via Am IAim B E i Is
1 If M Me is a morphismof A modules SEA is multiplicatisely closed then

5 M S M are 5 A modules X extends to 5 M 5 Y S Mz morphism

of 5 A module1
Note Him B 3 E b lift aeA beB tem y is a ringbecause

the equivalencerelation defining Aim B is
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This ensures that IA m B is a ring
Claim1 Pm is injector
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But 4 is injective so t a o in A Thus E g in AmIn
Claim 2 Amo E Am is a proper ideal since Amd E MAM
IA m B is a f g Am module Ican use the same generatorsof B as an

A module

By the standard version of Nakayama's Lemmon we have

Amor IAMB Am IAB Am B Ami B IAmi B o

However In I e IA mi B I g in Him B since t 117 4Ht
forces4 0 But tem stories to contradiction D

ProofofThroumI Pick ZE x dosed decompose it into ineducibles Z Z V UZ

Claim If 412 is closedin Y fi the same is true forZ

Claim2 It suffices to show the statement for X inducible Z X eat

881 By doin we may focus on the case when Z Ex is irreducible Sima

Z Is X is a closed immersion then i is finitebyLemma3.528.3 Thus Z Yo i Y

finite by Lemma I abore we are reduced to the case when Z X B

As discussed in 528.2 wemayalso assume Y is dominantThus Y is closed
is

equivalent to Y being surjective Recall X dominantsfinite 4 injective finite
Claim3 T is surjective
Bf Pick yet let myEkey be the associated maximal ideal
Wewanttoshow that wily to
But Y ly E X is closed and Ying V14my Ix Enix xn by Lemma2

Then bythe Nullstellensatz 4 ly of a 91mgI I txt 11

By Nakayama's Lemma we have My Rex IKEA Equivalently wehave

aims Iii it this x into n

Corollary If 4 X Y is finite dominant then 4 is surjective



Some textbooks use finite to mean finite as 4 45finite surjective

GeometricversionofNoetherNormalization for K K

Recall Noether Normalization's Theorem folk infinite seen in Lectures

Thrown Inn fix an irreduciblevariety X E lit ones I Ill Then

F r a y u hi shirt 1k x algebraically independent over 1K obtained
as generic IK linear combinations of Fi tn Elke x such that IKEx is

integral era Ka MI

This allows us to instruct another example of a finitemap
Example2 By NN Y Mcu a C 1K x is finite and

u Eh ai xj title or with rank lait r IA lay E ng

p to murdering columns ofA we may assume the first ext mins ofA is invertible

on IK Thus the matrixM of is invertible on IK and induces

an isomorphism IA Mi IA
Note M n 1kcal key beanies Pla i s P A 1 Elka xD

Theresulting impositionY X C at M's A
T

Ar where

I 14 un this ear is a finite map Indeed by construction

4 Ken i ur Mcu un
M t'sHex xn M x

corresponds to the inclusion Kfa up collar which is finite by construction

Corollary2 INNl Any inducible affine variety on Milk admits a finiterphism
to some Hr I t tdeg Kix 11k Since Y is injective 4 is dominant I
closed their surjective

Nextwe'llsee this can be constructedforprojective inedvars To do so we need to

in extendthe finitenessnotion for igularmaps to abstractvarieties ones I 1K



12 prove the corollarywithsurjectintyaudition for projective inducible varieties
Note Corollary 2 will allow us to define r e dinX

5 3 Finite morphisms forabstractvarieties on Kik

Fix X Y twoabstract varieties on IK Ik
Definition A morphism X Y Y is finite it foreveryaffineopensubset VEY

lie V ell is open an affinevariety theset v4 IV ex is an affine variety with

O 6 10 and the inducedIK algebra homomorphism O N 6 14 Iv
is finite lie U V is a finitemorphismofaffinevarieties

his definition matchesthe m given for affinemeties thanksto the following them

harem2 A regular map 4 X Y of abstractvarieties is a finitemorphism if
andonly it I finite open coverof Y YVj with

U 4 Vi Ex attire ti ti yr and

YiYiu Vi Vi is finite title or

Corollary3 The definition of athinevarieties matchestheone forabstractones on KIK

PG Fix x Y affine varieties x 4 Y finitemap between affinerevietiesThen

My Y IK x is finite We useTheorem2 verify conditions masuitable
affineopencomeoff
Pick Y Y D Iti openconeswithtieMy Indeed sucha corn exists becauseY is

athenian 3DIf felkins are a basisof tensfor theZariskitopology

Claim 4 ID Iti D It 04 Liou flax so Y ID Ifill is Jen in X and
an affine variety by Problem1 HWY This proves audition

Claim 2 Yi 11504 Dyfi is finite for all i

Pff This is a consequence of Theorem1 528.1 O Alfio411 0 4 it of fist r
61DyIti 014 hi












