
 
Lecture XXX Finite maps II

Finite morphismsforabstractvarieties on KIK

Fix X Y Twoabstract varieties on IK Ik

Definition A morphism X Y Y is finite it foreveryaffineopensubset VEY
ie V ell is open an affinevariety theset v4 IV ex is an affine variety with

y
6 10 and the inducedIK algebra homomorphism O 101 6 14 ly

is finite lie U V is a finitemorphismofaffinevarieties

Lemma I Compositionof finitemaps is finite
Our nextgoal is to prose the following theorem

Tolen 1 A regular map 4 x y of abstractvarieties is a finitemorphism if
andonly it I finite open coverof Y EVj with

U 4 Vi Ex attire ti ti yr and

YiYiuUi Vi is finite title or

Corollary Finite morphisms an closed base finitefibers
Note The proofofTheorem1 usestypical techniques ofschemetheory
41 Definethe property locally finitemorphisms
2 Ginn 2 affineopensof a cover describe their intersection by basicopensofboth
affineopens
131 Irose it for some affine opencorner it is true for any corn after refinements

Lemma2 Let X be a prevanetyoutland U U E x affine opens ofX Then for every
cUAVthere exists an openneighborhood W E UnV of p where W Do.lt Du l s
for some fell ly and storm lie a basis open of both U U

Proof Since U isaffine Vnv is open F F E O 107 0 107 with PED F E UnV
Now PE W D IF SUAVEV open so F geOr10 DxNl with p EDulg IW

Claim W D Ig is a base open in V

Pf ByTheoremI 528.1 OxWi Ooh e Oulu if e ku it
SEOxIV S W E Ox Wi so F heOx10 m o with Gtw Em on W



Thus Du g DulFh so L TheMCU works

Indeed Dulg WEW EU AVIV DulfhlED It W E UAven So

X EDu lg X E W Six to
x DuItht x E W thx to x EW fix to him to

X EWi Im lx to XE W fix to D

We'llneed the followingProposition

Proposition1 Fix a prevariety x Fell fi ts E Oxtxt a t 81 C Gtx
It Dx Itil 3 xeX tix tot is an affine ninety for all i then x is ethane

Weban the proof as an optionalreading see Section53ofthesenotes

Note Thestatement is true if X V I Elt e Indeed

i Using that basic opens are a basis for the Zariski topology we cover

x by finitely many basicopens DCL X Y D If with fifty
K The Dlf s an ath'm varieties whenviewed in Ant
3 X E D If a 1 Chi if Elka bythe Nullstellensatz

Indeed X E D Itil a 0 I VI fit V Kfi ifs

NFstillensatz I Chi its elk x

ProofofThrowin We prove the double implication Set 4 14,74

Fl First we cover Y V v ru's by open affines off Since f is finite we

know G Iti Ex is affine Q Ni I 918 ly is finite

Thesets 38 William an openconn ofX so we are done

F Fr this implication assume we are given a comingY V V UVs
St Ui Y IV Ex is affine open ti Yi Yiu Vi Vi is
a finite regular morphism of affine varieties for each i i i r That is



Yi Yi u Vi Vi is finite

Fix Ze y affine open We must show that

Y Iz Ex is affine and

0,14 121 6,127 is finite

Claim If WeDug1h EVy then 4 IW Dug folly EUj
Pff Since Vj Y Ivy is an affineGen 4 IWI EUg is open

Yj KEV lk u is the pullbackmay we have
f folly

XEDug folly XEUj folly ix to y MEVy fly o

y tix E
Duff XE T Doj f D

Claim 2 F openaffinecorer Z W U U W where eachWj is a basin openof
both Z Vj fo Sme ji Elle is

Pff Sima Y V V UUs then 2 12741 U U Znvs
Yofen

Fix j l s Since Zouj is often both in Z Vj Lemma l

ensures that we can men Znujwith finitelymany opens that are basin
affine opensof both Z Uj Write znvj É W

salting these sets together gives a comingof Z W U Uhh byattiregens
satisfyingthe desired properties
We write W Dzigi for some Si Gr E IkCZ

Wi Dy fi fi Elk Uj Iif Wi EUji
Claim3 4 121 is an affine variety so audition holds

Pfl Since Z W V U W Dz is U U Dz19
Z is affine the Nullstellensatt insures



111 Si g Elk Z Oz127
Elk

Themap Y E Y Z yields a mapof tk algebras

Oz12 IKCZ 0 14 iz
Si I 8 04y't

Iet Gi p o Y E 414 iz fr i t in

We claim C G i t Gr QY't lie theygenerate the unit ideal

Indeed I E ais for a ie 11973 1 211 Er Nail Lisi

É in
In addition Y is obtained as the gluing of themaps 4 Iwi Is Wi
it wi E Uji
Since Dy z 19,047

3 54 17 Sio41,0 Y I 1 zig Y Twi

Big H 4 wi 4 Dy Ifi Doj tioY EYg tioY
1194

Cain
Thees Dy i z if o Y is an affine variety

Conclusion SGI G E 04 12,14721 satisfy
in c Gi Gr Oy iz Y iz Ox 4TH

K Dy iz Gi is an affine variety ti

Theis by Proposition1 we conclude that 4 iz is an affine variety

China Y
y ing

Y the W E Z is finite frallist er

Pf By Claims221 H Y Wi Du Ifi oYiu it e Uji so it



affine lbyProblem1 HWY Furthermore since Yj is finite Proposition1528.3

ensures that 4
w

KEW My twill i is finite
by Icu is YET
Oy Wi Ox14 Wii

lit is the localizationof a finitemorphism B

Claims O 12 Y Oy14 1211 is finite

PH Since Z is affine Oy IZ QR K z

Ox 14 1217 0412 14 iz Kutz
Furthermore Wi 118 4 Iwi D g z Is o4

so therm

8 Tin is
Ox Y tail

is y
which is finiteby

Claim 3

Since C si gs i k z we conclude by standard commutative algebra
arguments discussedinlemme21 that 4 O 127 6 4 1217 is finite D

Lemma 2 Let A be a commutative ring M an A module Fix 3 1 xussA

satisfying it Xi is not nilpotent fo all i
12 Xi Xn A

If Xi M Aix M is a finitely generated Aix module Is all i then
M is a finitely generated A module

Proof Sima each x is not nilpotent we canconsidertheringoffractions

Aix 5 A for Si 3 I Xi xie

Fix 3m j l nil EM generating Aix M M Aix that is

Aix It Inti xi M

I Mir Ir Y so we can alwayspick a finitegeneratingset in M



Consider N A submodule ofM generated by 3 m ie je ni ie ie n

let M Mn be the quotientmodule

Claim x M 304 ti ie Xi acts initpotently m M meaning

given men F ri s o s t xiri m o

Pf Ani M si n silty gift It to

bylanstructin
of N

Claim2 M 0

PH firm any m hick ri rn st xi m o ti

Write 1 E ai x set Nie r t tin Then fenny men

m l m 1Ei ai xi m E x it m it is in o

Thes m so t m em
Io byClaimi n

2 LinearProjections

Recall Last time we discussed a geometer version of Noether Normalizationfor
irreducibleaffinevarieties ones I 1k
TheoremNnl given X Elt irreducible affine variety on Kik then exists

44 a E E kex alg indy on IK with I A II for some AEK
genericwith Ikea ur Is Rex integral finitel

Geometrically this corresponds to a finitemap 4 X Ma us
Corollary 2 Let X be an irreducible affine variety Then there is a finite
surjective morphism X A for some r
Proof By Thrown NN we can build sucha finitemap 4 4 I is injective
Thus byProblems9Hwa 4 is dominant Finite maps are closed so Y is surjective

QWhat can we do for projective varieties

Recall the construction of linear projection from apoint pet



Pick HER any linearhyperplane not curtaining p By Problem9 HW5 He I

St Xp P it Thismap is national notdefined at p but

f I Lpghtt defined n U P spy idenseopen onP

Note Yp is linear surjective Thismop his fibersof infinitesize so it is not him
However m H Yp ith I H is an i so hence finite
Our objective is two fold

Generalize this constructionto arbitrarylinearspacesofP

Given x EP inducible find a suitable linear space R e a projection

In I I Mr well defined away him A

such that tiny X M is finite surjective

Note This number r will be unique We'lldefine thedimension ofx as r

Definition A linear space A EP is a closed projective subvariety definedby l i

linear equations A Vp ILo L where are Li Elk lx xn an homogeneousofdeft

Note If IT P V then A P IW to W El subspace W Ake Il
h if U Thus A P since ttl dialto Li EU't

Wedefine the linear projection In P P P Vw
p i Lolpl trip

Note The map is welldefined outsideA

Writing V W Vw W w weset pet e pl
Then In Ifa ah a o i ar

Proposition2 Let x EP be a projective varietyoverIT1K disjointfrom a linearsubspace A
Then In X Pr is a finite morphism

Fwm this statement we recover a projectiveversionof NortherNormalization



Corollary NoetherNormalisation Any irreducible projective variety x overII111 admit
a finite surjective morphism X P for some r

Proof Fix X EPIPH irreducible If X p set rn x P

Otherwise pick 11711W EP largestlinear subspace disjoint from X leg9 11o o is
Y HoEP

Claim In H P Vw P

Pf Any p LTE Prix will produce W E W th E Veep In LI MX 0
This would contradict the maximality of A

Since Ia is finite by Proposition 2 we are done B

Proofof Proposition 2 We proceed by induction on n r duty E3 ti int
wi write X Vpro It Fs where I Elk xo exit is homogenous ti
ofdegree di
Base case n r D

After an automorphismof P we can assume A Pt 3 0 0,174

Basil lose 5 1

Calldid Since 4nA of we know xnd is present in the supportof F
Weconsiderthe projection map Ap XEp it

a y Cao an i

NewYi Ap Ui 3 x of RX EP is an affine ruiety in IA U EP
n n fr i o in 1

Furthermore Yi V F where F is the dehumanization of F
and Yi is irreducible because X is irreducible X 4Hi Theorem2 519.2

The corresponding map Apt on coordinate rings isthe natural projection

T Apte Kfyo fi n
ME to Ii in kF lily Acxy

g i gohp
since it corresponds to Yi Ah t 19ft if in



themapon cord rings is I A Acxn Acm F lil

The
map it is injectiveby construction Since I is woris in Xn wehave
that it is finite

General Case arbitrary s

Since p f x 7 i with Fil pl to ie xadi is in the supportof Fi
After reordering wemay assume 2 1

As before weconsiderthe projection map Ap It it
a y Cao an i

Then Yj Ai ly 3 x of nx p is an attire variety in It

with Yj Vit d F s F Elk Xo Tj Xn

Again Yj is inducible with Yj X by Theorem z 519.2 X Hj
Wehave t Apg A Kfxo ti xu kfxoi.itji xn

py ygI AIM it inThis map factors A T A
ist t s

isa
Asx

is
4 is finite B is surjective hence finite Thus their composition is finite

inductiveStep n r 1

After applying an automorphism ofP we may assume 1 110 0 31
e d V1 xo xr By construction A is disjoint fromX
The projection it factors as a composition of projections funpoints in
each its disjoint fun 0 77 in P imageofAp Pi It

e Caoaj
In P it Ispr



We set A Vixen yr Ep
t note In Io ok P P

imce Xan to then T lx n n 0 it x Ep is ined

Bythe base case I
y X P is finite

By the inductive hypotheses In I x Pr is finite

By Lemma I I Tatg
is finite D

Definition Fix X EP inducible projective variety We say the dimension

ofx is r te write dimX r it 7 finite surjective morphismx P

Nextgoal Ensurethis is well defined develop DimensionThury for Varieties

3 Proofof Proposition I Iptimal

Proposition1 Fix a prevariety x II ill fi ts E Oxtxt a t 81 C Q1
If Dx Itil 3 xeX hi tx tot is an affine ninety for all i then x is eshine


