
 
Lecture XXI DimensionThury I

TODAY All our examplesoftopological spaces are either affine varieties or opensubsets
ofaffinevarieties a quasi affinevariety on IK Ik

1 Topological dimension

Definition Fix X a non empty topological space The dimension of X is

dim x surf 3 Zo Z Z 2 3 Z r Z ex dosed inducible
Convention dm101 1

Definition Fix X a topological space Y ex closed inducible The codimension ofYin Xi

coding Y say 3Zo Z 2 3 Zr Y Zi ex dosed inducible

My
Examples dim 11h 1 dimIpt o dim fun I 2

1 At23161 3ft I 13V 121 3 V17 x 3 Vix4,217

ading pt 1 coding 1 1 0 wding L1 0
wdimp.to1 2

A zPt 1Vix 121 10142Vizx Zp
The motivation for thesenotions ones fromCommutative Algebra

Definition Fix a commutative ring R
The Krull dimension of R is

demR say 3Po EP E E P Pi ER prime til

The codimension or height of a prime Pm R is

coding may 3 Po EP E GP P Pi ER prime til

Remark It x Ext is an affinevariety on kik the Nullstellensate gives

it is inducible Es Ix12 E lk x is prime

Thus dim X dim K X codingY dim IxH
Rex



Examples 11 dim th o for every field k onlymaximalchain304 because prime
ideals on proper

z dim 1127 0 there are no strict inclusions amongprime ideals
so all prime ideals are already maximal Moreprecisely R is a

Noetherian ring we have demR o R is Artinian thisfigs
3 dim Ket because IKEA is a PID 0 18 isprime 4 is maximal Ike
Remark If R is a PID R is not a field then din R l

Thisapplies to R Z M Rft

Maingoal Show dimAF n air dim Taxi xn n

52 Propertiesof dimension

Next we show dimension works as expected withrespectto basic operations
Lemma I If Y EX is a topological subspace then dimY E dimX

Proof Fix a sequenceofineducibles in Y Zo Z 3 22
Then taking closures of Zi in x gives Zo 225 2 I Er
Claim1 Zi n Y Zi ti so the inclusionsare strict

Claim2 Zi ind Zi is closed inducible

Conclude The chainof closures is a valid chain for himx so re dimX

Taking sup gives dimYEdemX

Lemma2 If X is a topological space Y its ex are closed then
thisgivesdim I Yi Fixes dinMi Ex 3

This applies if X is Noetherian Y Ys are the inducible componentsofX

Proof Since Yi is closedm X we can replace Y by Y Yi

Yi EY subspace Inn
dim Yi E din ly ti

Given Zo Z 7 ZZ sequenceof closed irreduciblesin y ther F z with Zoey
Thees so r E max dim Yi

kiss
by taking surf weget din Ye max Idenyit

kiss



Our nextresult reduces the amputation of dimensions of quasiaffinevarieties tothat

ofaffine varieties

Lemma3 Fix X a topological space X U U UUs with VicXofenti
Then dim IX rays dimwit

Proof 3 follows by lemma Y Ex is a topological subspace
For E fix Zo Z 3 3 Z chain of closed ineducibles in X
Pick i such that Z nui to Z no to tj o or
Claim1 Zjn U I 2 j is open Z j is inducible so Zj Avi Z

Theis Zonu F Z nu 2 3 Z nui
inclusions are strict by Chaim 1is a chain of closed irreducibles d Vi
z no evi is ined

Thus dim Ui Sr so max dulli y sup dim IX
Isis's

Lemma4 Fix X topological space Y EX closed inducible VEX
open with Un y of Then coolin u luny codingly

Proof Exercise

LemmaS Fixx Noetherian topological space with inducible decomposition
X X V Uxs Assume Y ex is closed inducible in X Then

WinxY Yay3admix 14 I 4 Ex
i
thissires
Fx 5,6

Proof An ineducablecloset subsetofX always lies in some ined component of X

Il Any chainof closed inducible Zo Z 2 3 Zoey will satisfy
Zo X for some i Then r e wdimxY Thisgives K
3 Conversely anychain ofclosed ineducibles in Xi ending aty is a chain in
So P is clear

Remark For Ex 3 627 we need to know dim 1172 2 Once this is
assumed we get the results from Lemmas 2 5


