
 

Lecture XX11 DimensionThury I

Recall X topological space

dim IX soup 3 Zo Z 2 32 Zi EX closed an irreducible

In YE X closed ineducable coding ly sup Zo Z 2 32 4 Zi EX

R commutative ring dem R sup3 PosP g eft the ctempting I
If PER prime coding sup3Do 8 E EPrep PIER prime Vil

Remark If X ath'mvariety Y ex closed ined ti din X din Kfx
121 Wdm Y Wolin 1 1

Lemma Fix X Noetheriantopologicalspace X X V UXs inducibledamp
dim IX hey dim Xi
If Y Ex cred ind admin x1 yay coolin Y YEXi

Lemma If Y EX is a topological subspace then dimY E dimX

If U EX open Y E x closed ined with Uny of codingY wdingny

I Finitemorphisms and dimension theory

Finite morphisms interact nicely with dimension
Theorem1 Fix x y affine varieties on TIK Y X Y finite surjective
morphism Then dim X dimY
Mower if Z Ex is closed inducible wehave whim Z whiny4.12
Proof We will use that finite morphisms are closed seeTheorem I 529.1

If Zo Z 7 7 Z is a sequenceof closed ined cts tix then

4120 2412 2 2412
is a sequence of closed set inY
Claims Zi ined then 417 412 is inducible

Claim2 Zn f Z Y12h E 412D by Lemme 1111

Conclusion dim X E dimY



For the other inclusion suppose we are given a sequence Wo IWi 3Ns d
closed in d in Y Wewant to build a chain

To 7T I Tz 3 Its m X
where Ti died ined ti

4 IT Wi Iso inclusions are profal
We use LemmeG below to achieve this Indeed by Lemma l R we can find to e
dred inducible with 4 IT Wo By Lemmal 131 F T E to dosed

irreducible inX with 4 T1 W Repeating this argument we geta chain

to IT 2 To with ti died irreducible in X V2

Conclusion deny sup E din X

Theproofof the 2ndassertion is analogous but now all our brains mustend

at Z or 4121 respectively For this we use Lemme 121 replacing X Y withD
Z Y Z respectively Since Y is finite 412
Next we write the statement of the technical results on finitemaps thatwe
need Theproof will follow him analogous results for finitering homomorphism

Lemma I Fix X Y finite morphism of affine varieties on Ilk
Then it If Z E z are inducible closed subsetsof X then412 ft Ry
an irreducible closedsubsets ofY

12 If Y is surjective thengiven any irreducible disedsubset W ofY there

exists Z ex closed inducible with YIZ W

13 If Z E X is closed irreducible W We are inducible
dosedsubsetsof Y with W 412,1 then there exists Zz EZ inducible
closedin X with Wa 4122

Pt Wemay assume Y is dominant by replacing Y with 41 1 41 1
I recall finite morphisms are closed write 4 YE 6,141 0 11
Recall that 4 4 My r s key is injective because 4 is dominant



Claim Write Z V14 for G Elka prime ideal Then

412,7 412 V14 191
ythsed

111 We set Z V if Zz V1 z with Arif Elka prime 9,492
by the Vallstellensatz
Lemma2.11below says 9 4.92 pine P 4 19 E 4 192 B

are also prime

So bythe Nallstallensatz the claim wehave

412,1 V14 if V14 1.91 4124
127 This followsfromLemma212 below Set W V18.1 P E NY take
Z Vla 1kcal where4 197 0
3 This fellow firm Lemma2.13 below Set W V10 We Vial
with O Ed prime set 9 Elka prime with 4 19,1 P Then

pick 9229 prime minx with 4 191 02
The analogous result for finite morphisms of rings is

Lemme2 Fix 4 A B finitemorphismofrings Then

101 Fix GEB prime ideal set QQ 197 Then GEB is mel PEA is me

11 Incomparability If G EG an pine ideals ofB then 4 19 44 E
121 lyingOn If 4 is injective then t BE A prime ideal we can findGEB
prime with 4 19 P

13 Going Up given P ER Paume ideals an A a pun G IB with

4 19 P F prime ideal f EB with G 192 4 Az Pz
Pictorially E e fa m B

419 J E 2 4119 in A



Proof P By constructionwehave an inducedmap T Ap Bq
Furthermore T is a finite injectivemap 18 4 191 between domains

Claim A Alp is a field B Big is a field

Pfl Fix UE A lol let be ya es Sima B IA is integral

7 new a an E A with b t Y la b t Plan so in B

then
q t 4 an g t flan o yields

In
t Yan Yayoi t t Yan Yiu o

ie ga Y la t eat an un I E 41A

Then tu a a cat tan u in A by the injecting of 9
Assume A is a field pick b FB lol Since B A is integral

then Finely I ai an EA with b t fila b t t 4 an o in B

Byminimality b to we have Yian to ie an 0

We write o b t flay b t t flan bib t 41s b t Ya a

equivalently I b f 4th b Yay b at t Yians in B

thus be B is inntible B
p

1 Note 3 FEB primewith 4 19 EPEcl to j EeBp ApB primewith

9 I s fBpp
PBP 9

Localization is exact

Since Y is finite the induced morphism Yp Ap Bp infinite
so is Ip Appa BpBp BOAAppa

finn G f astith assume 9 19 P Y 1192 By lol we
hate that f Bpa faBpppp are maximal ideals of BED



However 9Bpp G f Bpa by
Nateabove no this cannot happen

z Byconstruction we know B is a 8g A module so Bp is a hgAg mo

Ap Cs ApB Bp so Bp to
By Nakayama's Lemma I Lecture529.17 Bp PBp
New Bopp to so it contains a prime ideal E e Bp

ppy
By the note I 9Bpp for some GEB prime ideal with 4 Ig P

137 Fix R R G as in the statement consider the induced

morphism ofrings Y Alp Bq
Since 419 P T is injective
T is finite because 4 is finite
Applying 12 7 Ez Big prime with 9152 Pyp
By instruction I 94g with f prime in B 4192 Pa D

2 Properties ofKrull dimension

1 Noetheriannessof a ring and finite dimension are not related although

it's hard tofind examples whereonlyone of these properties hails
Example11Nagata A K x one in take an increasingsequence me ma
with Min mi mi mi ti St mo o

Take Pi x
mitis xm set S A YIP

1 S is multiplicatively closed

4 R S A is Noetherian

B 5 P E R has codimension Mit mi f to

Conclude R is Noetherian dim R a

Example2 R Ikf xn i ne Ny nz naw
is notNoetherian but demRio



Lemma 3 Fs ency PER prime we have

11 whim P dim Rp 12 dim typ t wdimf E din R

Proof NGER c A if AR ER prime ideal containing P

121 Anypairof chains Po 4 E P P of primes in P

301 4 E E 9s Rip
Xpdomain

produce a chain P E E Pr P I 119 E T 19 E e Iigs
of prime idealsof R of length rt its its ti when I R typ
Taking seeps gives codeine t dimRip Edem R

sup Iup

Corollary1 Gisen X affine variety s Y Ex irreducible affine variety we have

dim X 3 demY codingY

Remarks The equality need nothold in examples X T digit

However if Rilke x has theproperty that every maximal chain of
Prime ideals has the same dimension then we would have inthe Corollary

This is precisely what happens for X M


