
 

LectureXXX111 DimensionThury II

GOAL Show dim Kfx xn n forany field IK
Wewill need 2 lemmasfrom Lecture 32

Lemma I Fix 4 A B finitemorphismofrings Then

11 Incomparability If G EG an pine ideals ofB then 4 19 44 E
121 lyingOn If 4 is injective then t BE A prime ideal we can findGEB
rime with 4 19 P
13 Going Up given P ER Paume ideals an A a pun G S B with

I9 P F prime ideal f EB with G 192 4 Az Pz
Pictorially E e fa m B

419 J E Iz 4 19 in A

Lemma2 Fs ency PER prime we have

11 whim P dim Rp 127 dim typ t codimf E din R

Remark Equality in 41 canbe strict

51 Krull dimension finite
i

extensions

Q Howdoes dimensionbehavewithrespect to finite extensions

Intuition Finite extensions ofquotientsof polynomial rings correspond to finite
dominantmaps so dimension in thesecases should be invariant underintegral
extensions by Theorem I 532.11

Lemma3 For any finite ring extension RER we have demR'sdemR

Proof We show the doubleinequality

Fix P E P E E P chain of prime ideals in R UsingLying on

going up 1Lemma2 12 131 I n Fini R R we can find a chainof



maximal ideals in R G Eof E f of with 4 19 Pi ti
Then r e dem R Taking sup gives din R sup E dem R

K Given a chain Po'sP E EPI of prime ideals in R Wegeta
chain P E P E E 8 ofprime ideals in R via Di P AR YIP
By Incomparability Lemme2 111 Pi Pit because 8 if 8ft so the chain in R
strict and thus r E dimR Taking sup gives din R sup E dem R

2DimensionofAk is n

Thuram I 1Dimensionof PolynomialRings I
Fix IKanyfield Inotnecessarilyalgebraically closed n EIN Then

111 dim IK x xu n

41 All maximal chains of prime ideals in Kfx xn have length n
iv r t inclusion

Corollary 1 Any affinevariety Xstay has dimension at most n Equality
holds it only if X Aye
Proof Write X X V UH ined decomposition ofX ThenbyLemme2 531.2

wehave dimx wees dinXi Now KExi Mf 7 Iki f is

a prime ideal in R Ktx ex

Since Piis always partof a maximal chain ofprime ideals inX bythem2 we get
dimXi dim IK xi n CodimePi E n

and equality holds if and only if codimpP o ie Pi O D

ProofofTheorem1 We prove both statements by induction on n k 11 so onlyneed

toshow 47 Write Rn 1KEx Xu

Basecases n o is tautological n t is true since left is a P ID 1531.1

Inductive Step no I Fix PoG f Pm a chain ofprince idealsin Kix x

We needto show 111 men 121 equality holds if thechain is maximal



If the chain is maximal we knowthat

Do D

O is a minimal nonzeroprime ideal P It forsome Fto
prick LEP cosofmineral totaldegreePm is a maximal ideal it's inducible because0 isprime
O 1h1 because Rn is in VFD

By NoetherNormalization we can insider 1kcal an a Mex xn integral

where I fix la xu la is mimic in un I tideslkx xn n

Then O f e Ikea un In ie Mui unhy is integral on Kfa un

1kcal any is integral on Mcu an sofinite 8 P I f 15

Theis gives a wayto transfer chains in Rye to chains in Ritt via thoseinRfu nay
Mex xn 10780 E P E Pm

1kcal hit p 410 E 8ftpqE8ml 9 iPml Inampanakli5l
I 1

Mu an
p 101 typ g E 5m18 contraction

If finite
Kfa an is 15,18T aka u BE E Pin pinnas uaFmhadilik

In all rowsthechains are strict by Incomparability ILemme 211
Claim These 4 chains are also maximal

By The chain in Ksu un is maximal because otherwiseby Lying cover

goingUp we will produce a chain extending the top one Indeed

Fi E P EPit will give Pi 4 Pi Pit 4 tPiti

Pi E G E Dit m R K
ExiggXn

Pi g P g fit m R's Ikea un

Key By working with IR ly
Git

s IR pit which is again

integral since fit 418it localization is exact we can find
G'ER pit

prime with Ypf 19 P PiRpgA E PitRp



Thus G GAR is a prince ideal with Pi EG E Pit This cannot
happen because our chain in row I was already maximal
Conclusion The Chain in row 2 is maximal

Taking quotient preserves maximality So the chain in row 3 is also maximal

From now4 weusethe same methods as Is those saying now maximal now2 is

also maximal toconclude that now 4 is maximal because the one on now 3 was

By inductive hypothesis looking at themaximal chain in row 4 weget

Sammy if tail in ikea an it hasthe same lengthen 1
Therefore m E n any maximal chain in kex xn has length n

We end thissectionwith an alternative definition ofdimensionofinducible
varieties in terms of transcendence degrees of function fields over 1K
Recall the followingstatement for Lecture 19

Theoremis19.1 If X Y an affine rarities on I K Y X Y is a finitesurjective
regularmap then demX dimY

Corollary7 If X is an irreducible affine variety on I 1K then dimX tidyfkx
In particular dim X C o forevery U EX non empty open dimU dinX

Proof By Noether Normalization we can construct a finite dominant hence surjective

map X IA when r ti deg k1x By Thuram1519.1 dim IX din Ahl P
The statement for dim x co follows from the fact that tidesfly a n if Kitt
Theclaim about U ex is a consequenceofthe fact that 1kW Kix

3 Krull's principalidealTheorem

Theorem 2 Krull'sPrincipal IdealTheorem Let R be Noetherianring lit aER

Then every minimal prime ideal P on 1a satisfies codim P E l

In order to proseTheorem 2 we make use of symbolic powers of prime ideals



These ideals are used to study singularities ofvarieties defined our fields
withpositivecharacteristic

Definition Let R be Noetherianring PER aprime ideal For eachnew

wedefine the ut symbolicpower of P as

D 3 a ER bae P forsome be R P

Lemma4 Given R P n as above we have

1 P ER is an ideal P I P 131 P is P primary

k P e 8 e P 197 8 Rp P Rp

Proof 11 We show that P is an ideal by checking 3 properties
0 1 one P and i EP

a az E D then I bi sa E P such that bra E P beace P

Then 16,52 a E P 15,52 ez EP with biba P
Thus 15,52 la Iac EP yields a Ia e8

a e 0 e R É ca e P

Pick b4 P with bae P Then bica EP b P caff

Fix as pent e be P with bae Pat's P Then afp

12 It at 0 then a l at P i P Thus a e p

It at 0 then bae P EP for smu bet P Thus at P

B By 2 wehave P IF IF e Ift e P so 181T P
To see that O is O primary we fix abt D and assume a P
We want to show that be 8 We argueby contradiction
Since abe O I c P with cab Cba EP Assumingthat b4P

weget Cb EP so at 81 This cannot happen by our assumption Contradiction



Theis BED as we wanted to show

4 We show the equality holds by proving the double inclusion
Fix Je O Ry ie s P 7 cat P with cbe 0 Then

I E E P Rp
F Follows since O E P so 0 Ry E D Rp
ProofofKrull'sPithm We fix P a minimal prime on 1a It codimP o

there is nothingto do

Since localization is exact we may assume R is localwith maximal idealP

IReplace R with Rpi which is also Noetherian
Assume adinzP 0 fix a chain Q E Q EP prime ideals in R

To show arlim P El wemust verify that Q Q Taking the quotient of
R by Q we may assume Q 0 R is a local Noetherian domain

We must show that 9 0 Is this we consider the symbol powersofQ

By Lemme 9 lil G e Q f n E IN

Claim1 Q C Q a for sme n

Pff Rita is Noetherian ofdimension0 because Pa is both

minimal 1by hypothesis maximal R P is local IRisaPila
is local Thus Rita is Artinian ie it satisfies the descending
chain audition 19101 tally a 2 IQ t 1a ya

I

Then I n St Q t la Q
t
t 1a fr sme n so Q e Q this

Claim2 Q Q t PQ fr sme n

TH e is char

Pick u as in Claim 1 If be Q write b c tra

fr c e Q
t

r e R Then ra b c E Q by Lamma9 111



Since P is minimal over a Q G P we have a 4 Qe M byLemma
Since Q is Q primary by Lemma4 157 wehave r eQ1

Conclusion b at E E Q
t

QQ as we wanted D

Takethe quotient by Q in claim 2 to get

inti Pga
Since Q is fg IR is Noetherian so a Hint Sina R P
is local Nakayama's Lemma implies Q

a
o ie g

int aint
Localizing away from Q is exact so 9th Ry

t
R

By Lemmon4 14 wehave

Q Rq Q Rq Q
t
Re Q Rg Rat la Ra

Again Nakayama's Lemma applied to the tg Re module Q Ra gives d Ry
Since R was integral so is Ra Conclude Q o so 9 0


