

















































































































Lecture XXXIV DimensionTheory IV

Lasttime wediscussed the following2 theorems

Thuram I 1Dimensionof PolynomialRings I
Fix IKanyfield notnecessarilyalgebraically closed n EIN Then

111 dim IK x xu n

41 All maximal chains of prime ideals in Kfx xn have length n
iv r t inclusion

Theorem 2 Krull'sPrincipal IdealTheorem Let R be Noetherianring lit aER

Then every minimal prime ideal P on 1a satisfies codim P E l

1 More on Krull's Principal Ideal Theorem

Corollary1 Let R be Noetherianring aft be a non zerodivisor Then for

every minimal prime ideal P on 1a wehave codeineP 1

Proof We use the characterization ofassociatedprimes of 10 from Lecture 6 Let

P Pr be the minimalprimes of R on 101 By Proposition 2 56.3

Pi it to bit for some bi ER 301
Hi to because Pi is a proper ideal ofR

Claim 1 a non zero dinar a 4 Pi fr all i it r

Pf Otherwise a E licit fo sme i Thus a bi o fer sme me IN

Picking m minimal we see a bi a laffbi
to forcing a to be

azero divisor Contradiction D

Chainz P is not a minimal prime of R
Pfl a EP a 4 Pi f i s r Min IR 3 Pi Dr D

Thes Pi G P for some i Therefore codemf 31

By Krull's PID we have coolin P E i so equality holds



Example O R Rex 571,4g
lx g ti is a non zerodivisorin Ray

dimR dim Rexy coding Yy't 2 1 1

ThomIII fine fifth minimalprime on x y't
Same idea gives dem REXy 2 1 1

This is whyweneed toLetaYalsat's'tianitminettstmalk
Recall If X E A is avariety on I K fix It Elk x xu

We know it is a radical ideal Howto relatetheambientofX withprincesone In
Proposition1 The irreducible components of x correspondto the minimalprimes on IN

Proof Since Rex xn is Noetherian weconsider a minimalprimary decomposition

of Inl Say In 9 n A9s
Since Iix is radical In Fix F M A Is tf ffsare prime ideals
Thus weonly need to keep these tf that are minimal primes on Ex

In Ex effin A fit whenTig are theminimalprincesone

Thefactthat weare notmissingany minimalprime in the list was seen in Lemma455

Then X VLIN VE n Arin VIE Fir E Vrij
Since VII an irreducible then we see that the irreducible components ofX amps
to minimal primes over IN D

Thrown3 IKrull Let X be a quasi affinevarietyon Ilk andtix fell IX Then any
irreducibleampmentY of V if 3a ex I ha of has adix Y El
Proof Fix assume x Unx with U Eat open x ett variety

Set R 6 X Ox x'nu
Weprove thetheoremby reducing to specialcases
Claim1 We can assume X is affine

Pf Since X is open in X Tex is irreducible Lemma 4 531.2 yields



codingY wain x Tnx whiny T
Furthermore Y is an inducible component of Vx18 Vx If D

Claim2 We can assume X is irreducible

PH If X X V UXs then Vx18 YVx f
If y is a component ofVx18 EX then Y E Xi for sme i s s

I Y Y lynxit taxi Y for sure i So Y E Vx f

By Lemma 5 531.2 codim Y
eyeshardin x M YEXi

It admix 14 El f i with y ex the same will be time for cretin Y

Now weconsider R OH Kex IKE h it X Elt

Thus R is a Noetherian ring
By Propositions any irreducible component yofUx f corresponds to a prince ideal

Ix ly ofR minimal on f

By Krull's Principal Ideal theorem ademY coolin Ix 14 El

Corollary2 Let X be a quasi affinevarietyout1k andtix te Ox Assume t is a

non gun divisor Then every inducible ampmentY of V if has codingY 1

Pf Followtheproof of Thrown3 use Corollary1 insteadofKrull's PI Thuram

Corollary3 Let X be a quasi affinevariety oratik andtix hi i it EDix Then

any irreducibleampmentY of V if t I has codingY Et

Proof Induction m r Base case 1 1 is Theorem3

Inductivestep We can follow the same reductions as in the proofofThuan3

assume X is inducible affine

Set X's 11A Vlf of Then Vy tr Vx bi tr

Any irreduciblecomponentY of Vy tr has coding Y El by Theorem 3

But X'sUx It fr Y E Vx that is inducible forces y to lie



in an irreducible ampment Y of X By Lemma 5 Ss 31.2

coding yes hardinny Y YEXi

where Y I Xi is the irreducible decompositionof X Pick Y X realizingthis
maximum value

We have YueYu'd X's Ex's gene 11th Furthermore

codingY Er i by IH

s team Y welim y codingY because X is assumed to be

inducible every maximal chainofprimeideals in Kex xD has lengthy
Wecan extend thechain IN 2 I ly I Iix to a maximal one

Thus whim coding whim Y
wayyy Iggy

Er an

we wantedto show B

Wehave a partialconverseto this statement

Proposition2 Let X be an affine varietyon.IR ILY is an irreducible closed subset of
with codim Y r 21 then they are fi tr E Dix such that y is an

inducible component of Vlf fr

We should not expect y Viti fit

We'lldiscuss theproof A nexttime



will give r o Thus Ix ly Ix Xi ti ti s

ByPrime Avoidance we cannot have contradiction D

Now choose t an in Claims Pick iwith Yeti with codingY r

Isch i exists by Lemmas 531.21 Then Y EUxIfi EX If Vxilt f
f is a non zerodivisor on Oni
Claim2 coding Y E r I

34 Any imd imprint'f Ux It has codim s in Xi

Sima wdimu
a refersladimy Y YEYi

whenever YEYi EXr wain x Y won
Yi

t

higgling
wayyy

inducible

Picking Yij realizing the wax in weget

wimpy coding t I f codingY I r I D

x is a ampofX

Note Vx14,1 Y Vitti
Weproceed by inductionm r

Base case 5 1

Then coding to yields whim

p
so ie Y is an ined componentofVx

Inductive Step set s wiling X Vx It EX

If 5 0 then Y is an ined ampment of Vx It hence me of Vx Iti
Taking to fr f shows Y is an ined ampof Vxthis tr
It 531 by Fnl Ffa if E Ix IN E I y with Y an

ined ampment of Vx Ita fs Vx this ifs Xin V Iti Is I
It s r i this shows Y is an ined ampof Vx 1h Es


