
 

LectureXXV DimensionTheory11

Recall the following results from last time

Thrown IKrull Let X be a quasi affinevarietyoratik andtix fell IX Then any
irreducibleampmentY of V if 3a ex I tin of has codingY El Furthermore

equality holds it f is a non zerodivisor onDix

Corollary Let X be a quasi affinevariety oratik andtix hi i it EDix Then

any irreducibleampmentY of V if t I has codingY Et

Morem Krull's Theorem

Wehave a partialconverseto thecorollary

Profsition t Let X be an affine varietyon.IR ILY is an irreducible closed subset of
with codim Y r 21 then they are fi tr E Dix such that y is an

inducible component of Vlf fr
Proof Let Xi X be the irreducible componentsofX

Claim F F E 114 with Xi Vit ti

Pfl We argueby contradiction If this is not thecase then for all te Il'll
wehave X E Yf Is sme i Therefore GE I IX bytheNullstelleniate

Thus

IFI
e I Iy I

Since coolin I Keys3whimY YEXi6 571 by Lemmas 531.2 weconcludethat

loden 1 for all i with YE Xi lotherwise Y Xi Xi Xj if j i

will give r o Thus Ix ly Ix Xi ti it s

ByPrime Avoidance we cannot have 1 Contradiction

Now choose t an in Claims Pick iwith Yeti with codingY r



Isuch i existsby Lemmas 531.21 Then Y E Uxlfi EX If Vxilt f
f is a non zerodivisor on Oni

Claim2 coding Y E r I

34 Any imd imprint'f Ux It has codim s in Xi

Sima wdimu
a agesladimy Y

YEYi AH

r admix Y wdin y t

wiggly www.ghgemYEYiifxian inducible

Picking Yij realizing the wax in weget

wimpy coding Y I g codingY
i r I D

Xi is a ampofX
Note Vx14,1 Y Vitti
Weproceed by inductionm r

Base case 5 1

Then whyY
to fields whim

p
so ie Y is an ined componentofUIL

Inductive Step set s wilingY X Vx It EX

If 5 0 then Y is an ined ampment of Vx It hence me of Vx Iti
Taking to fr f shows Y is an ined ampof Vxthis tr
It 531 by Fnl Ffa if E Ix IN E I y with Y an

ined component of Vx Ita fs Vx this ifs Xin V Iti Is I
It s r i this shows Y is an ined ampof Vx 1h Es

If sa r t take t test f to get Vx it ts Vitti fr
and thus Y is an irreducible component of Vx it tr D



We cannot expect to find fi tr with Y Vitti str intern if we are
willing to restrictto attineopens onboth sides aroundanypoint off

EXAMPLE X V lx Y X Yul EA Y Vix xs

Both X ay an irreducible

dim4 2 A Z VIX 7Vix xs is maximal coding E 2

dim X 3 whom I because X xe x Xy is a non zerodivisor mkay
whim Y I

Pick U open in X with 190,901 E U

Claim A LEONI with You Volt

PG It's enoughto from this when U is a basin open DxIg SKItxt
so YAU D g
If YAU Volt then His M m Nex

g
More precisely x x3 is I f x x2 3 9 is on Rex xaxs.tn ig
CASEI g Elk

Thecondition It x x tsk E lx x forces f to beoftheform f A x t Bx

In 2 we have F m 1 st x E It x x2 xsxyl
Xs E th x x2 XsXs

x h f th ix Ya x xy h tax BXs hi 1 1 2 3 9
alky xp

x h t th's I x.kz X Xy ha Ax Bks th's lx X X Xy

Selling Xz Xg o fires
x hi A x 5 3

s 5 I Ix is xs
m Kar s

Since Rex x is a VFD then Ax 5 3 taxi
Ax tax xp

k risen 9 self



Theonly option is a b 0 r s o But Ix 5 3
0 cannothappen

since x x to

CASE 2 GEkex xD Ilk with 810,090 0

We argue similarly.to case 1 incorporating powersofg intothe IRtisexpressions

The audition It xx x xalig I Xi x
g
frees f to be in tx x

g
Then I k 0 with g f Ax Bx

In we have F m 1 k so st gl x e th x xz x Xs

gl x
th E it x x2 X Xy

In particular multiplying by g weget glthx E Ight sklxixzxsxa.lt
E Ight xixz

xsxalgltkx.iegkf x Xz x xu
Write s lth 30 We can find hi hi hi hi Elka x xs xy such that

gs x h Ax Bx th lx Ya x3xy

g x'in h fax tsk th's Ix Xz XzXsl
Selling Xz Xg o fires

gs x hi A x 5 3

gs x 5 tix to Xsl
m x s and Jelle x lol

Since 510,0 0 weknow that 54 x x

It x y A x 5 3 then x IT so 5s by tax Bx f xx

Thus Je lcx.it cx x contr

Similarly X X A x tox implies je Cx x fromthe second equation Gtr
In particular x x A x t5 3 in lkcxuxc.rs xu simaMx ta is a UFD

This in turn frees x 15s a x lg ie x 15 or x tf This cannot

happen because j x x D



2 Dimension regular dominantmaps
Remark Fix x l a regularmap of quasiahh'm rieties on III yellThen
f ly is a closed subsetofy Thus it is a quasi affine variety
Same is true for f iz when Z is a closedsubsetofY
Ourgoal is to determine dimRt forany closed subsetZofy
LemmaI If X is an irreduciblequasi ath're variety V is an openin X we have

dim X dimV
Proof XIV is irreducible so IK U Mix dim V tidigalky by

dem X tidegas IRIX
Corollary 2 5 33 2 D

Fix a dominantmap x f Y between induciblequasi ath've varieties on Kik
write X Un X

y un y
with
IIYET

and
nighty

inducible attireruieties

Then IK x Kix key Ky f induces an injection
Quotif 1km1 Kixt Thus dimY dinX tides Y
We'llneed thefollowing result from 531.2

Lemma4 839.2 Fix x topologicalspace Y EX closed inducible VEX open m

un y 4 Then coolin u luny coding14

Thrown Ss32 I finitesurjective morphisms ofaffinevarieties over kik preservedemons

is insistent with the following resultsdiscussing how dimension interactswith fibersof

regular dominantmaps

Thrown1 Let x Y be irreducible quasi affine reties let f X Y be a

dominant regularmap Let ZEY be closed inducible W be an irreducible

componentof f z that dominates Z Then

111 codim W E codim Z
12 dim W 3 dim I t ti deg x

In particular for every ye image18 all inducible components of f ly have
demensim 7 dim X dimY



Proof Since X W are inducible in smu 11th X Unx with U openmA

w sa closedined we hose

Colin W coding I dim x dint dim X dim w

whim Z dimY dimZ

Chaim1 11 12

Pt Item in isequivalent dimX dim W e deny din Z

DRearranging things weget dim w am Z

taffffgyn

It remains I show 111 Sindt W dominates Z wehave ft Z Furthermore

givenany Voter in't with Zhu 0 we have f lui n w to Thus

fffinnWII tis n n W R U FIT A U ZA U

Claim2 It saintstorpiori the statement for f lui u

881 The map t 10 U is regular dominant

By our early discussion Lemma I I dug txt t dig Kit Ivi

By Lemma4 531.2 wehave codingl flu MW adem W

coolin
y
Z wdin I Zno

Then if it holds for f tu tu it will hold to x I Y

Claim3 We may assume Y is affine

Pff Write Y VAy where Y EM affine inducible a V is open in It

We pick U D is D g ny in Claim3 forsome se IKEA
Then U EA't is affine via U V Ily't lKxp xm 91 gxmt D

Write s coding Z

If 5 0 then 7 Y so W X all4sets are innd Then weeny o

It s 1 by Proposition F si S E 01h such that Z is an inducible

component of 1,15 19s Vy Csi Ss 1
Since WE f 127 we have W E f Ivy fi gs Ulf g gs



Set w U E is f Iss f is i ON
Claim4 W is an irreducible component ofW

Pf Pick w an ined ampof w containing w We must show w w

Since we w EW with w closed inducible wehave

Z f IW E f Iw E f IW't V18 8s

But Z is an ined componentof V is gs fl w is inducible Therefore

Z ftw In particular W E f 121

Since W e w e f 121 W is an imd ampment of f 121 weget W W
ined

By Corollary3 534.1 weget codim W E s This confirms 11

In the special case when Z 195 weget dim2 0 By 12 dimw tidy Ight D

Ournext statement establishes that holds on a denseownsetofY

Theorem With theconditionsof theorem I there exists an open subset UofY such
hat V E fix fr every irreducible closedsubset Z EY with Env to and

every inducible umpment wof t iz that dominates Z meaning FIT Z we

have 111 calm IW coolin
y IZ

at dem We dimZ t t dig 141

In particular forevery y EV every irreducible componentof t ly has dimensiondemX deny
Proof As in the proof of Theorem I we have 111 E 12 so we only needto prose
ByThrown I we need only show din W E dim Zt hidugup Kit

Using Claims 2 3 fromthe same proof we can assume Y is affine

Claim1 We can assume X is affine

Pf Write an open aver of x by affine opens inX X U U UUm IpickviDigit
Since X Y an irreducible we can restrict to fi Ui Y which is also

regular dominant Since X is irreducible then Ui is inducible as well

If we find Vi EY umemptyoften for each hi then V I Vi is often inY

V to because Y is inducible



W I I Wn Ui satisfies Wi w nui is an inducible componentof

ft Z it dominates Z

By Lemmas531.2 Colin W codingW as we want to shoe

whoiceoviidity Z

Since X
f
Y is my dominant with X Y ath'm inducible weconsider

GI key a Hex the induce homomorphismof rings injective since hisdemiman

We consider the Iffy algebra S Kix
q

IK14

PropertiesofS S is a domain IKK E S Elk x IKKI ES
Quot IS KEY

a tidy Quot157 Gig Mix
r

Ky

By Noether Normalization wecan find y yr E S algebraically independent

ohh1kmsuch that 2 KH y yr as S is finite

Replacing each y by ai y for some sie they we mayassume yielkfx
for all it er

Claim2 F s E key soy such that

4 KEY Cyr yr Rex atty

is finite
Pf Write Rex RGIII view I it as generators MIKEY as

a lk algebra By unstuction XT ES ti i in We assume XTto V2

Since 2 is finite we know Ti satisfies a manic equation

I t ai I t ta im
to for some miso

with ai j flkly y y



Pick se key 309 with Sai E key y y Hi j
Then I is integral one Iffy Cy yr title in

Conclusion Y KEY Cgi yr Rex atty is finite

Recall OLD 1s Rly is OfDx f is Mx
byTheorem I 528,1 IK Ik

Replacing fix y by Dx If is I f Dy1s whichis also

regular dominant between affine varieties we use themap 4 fun chainz to factor

t na

x Y

g Y is finite g is dominant so g is surjective by Theorem1 529.1

Therefore f p og is surjective

Picking Z W as inthe statement we get g WI E Z XIN

Theorem I 32.1 pines dim W din g W

LemmaI 5 31.2 gives din g w E dim Z x

q
dimZ deff

Conclusion dim W E dimZ tr as we wanted bythese

Weend bydiscussing an important corollary

Corollary 1 If fix Y is a morphismofquasi affinevarieties suchthat all fibers
of f have dimension r finparticular f is surjective then dimX din't tr

Proof If Y Ym an the irreducible ampmentsofY eachmorphism f Mi Yi
has all fibersof dimensions Since dimX taxa din f lYi and dimYE.es day

by Lemma 2 531.2 then it suffices to prove the statementwhen Y is irreducible

Let X X V Ux be the irreducible decomposition ofX write

di dim Xi din fixes



By Theorem 2 there is an open subset Ui of tx with Vi E fix is such

hot everyfiber of ti Xi fix on a point in Vi has dimension di

Weprovethe statement by checking that both inequalities hold

Remark Notethat theset IT 0 because Y is inducible wecanprovethis

by induction n m combined with the fact that inducible sets are connected

E By construction diet for all i In particular
dim Ni di t din I fit e r t din Ift e r t din't

by Lemmon1 531 2

B To show 3 we mustfind a suitable i with dim hi s r dimY

Pictorially

if
we want to pick i such that dim fifty is maximal

By construction dimfly key filly

f s
when ye I Vi Thus I i with di r

they
Furthermore we have

Claim fix i I Y

PH Since Vi E fix EY a Vio is open in Y which is inducible it

follows thatY Ti E fI E Y ie fix Y D

Theis dim x o dimY die demY tr Since dem Ili EdemX

by Lemma I 5s31.2 we have dim X s dimY tr as we wanted toshow D


