
 
Lecture XXXVI Tangentspaces

Nextgoals Define the notionof smoothness

Study singularities ofabstract varieties on Ilk
1 Vector spacesfrom Noetherian localrings

Fix a Noetherian localring IR M let 1K RIM bethe residuefield

Lemma I Theset Mhz is a 1k vector spaceof finitedimension Morose

dim
K Mhz minimal numberofgeneratorsof theidealM

Proof Wedefinetheaction ofIK m theab group Mme Given aER MEM we set

it atm Im th am madtom am this at

This action satisfies the ax ins fr a vector space on IK
Since R is Noetherian M is finitely generated say by mi mu

Then Mme is generated one IK byCut Mn since m Iti mi
yields in If Tmi E F mi
Thus dim Mma E n Al
To characterize dimemy c we pick a basis 3mi im with miEM

Then I Cm's m EM satisfies M I t M

Thes M MI is a f g moduleover R M Me MI by By
Nakayama's lemma M o ie M I Then M canbe generated by r elements

Thenumber is minimal by

1 Tangent spaces

Fix IXOx an algebra's variety on IK Tk let pe X be a point

Bydefinition F U E X open affine with peu Then Ox p Ou p
Write Us Y E A where'tisan attire variety Then by Throum I 528.1 we have that

Ox p eOyp KEY
mp

is a Noetherianlocalring with maximalidealMp



Furthermore bytheNallstellensatz Mp bi pi Yu Pu Iggy my1k
Definition The tangent space of x at p is the Hfvectorspace

TpX Mrap Hmu Mpmpa Ik

Remark The construction of TpX is local so wemayalways assume It Oxt is affine

Proposition 1 If X EIA is an affinevariety pex then

TPX I 3 IE Ik If Ifip x so the Ix as Ik rector spaces

Moreover if I txt fi its then IRAs I S EE 1k E Ifj Ip xi to
Name We call thefries the embedded tangentspace of x in It

Proof Write In fi its p lpi pal E X

Oxp E s Imp Y't Ga p
Mp ex pi it Ph Mtk as

Theatre
Oxmp I s's Ix pi xu p 5

If he Rex xD
weapon

write t as

f Girl I 34,1ps x pi mod ex pi xupu

If FE Inn we get tip1 0 so

fi ts text pi xu p 72 Iffy hp Ix pit tf fix text pi xu p 7

Setting Ei Xi pi E
Mpppe

we see that le eat is a basisfor Mpg
Iif n is minimal

This I yields
Mhp

he en

Eigg ip ez it FEIN



TpX Hm
Mpg IK E 3 IE

ik

Y H pie
i It in i o tf e In y

In particular it f ESyfy then Fy Ii If Gj Ei Sj Jfs
Evaluating at I P sires of sp It Sj 31,5Ip
Thus if GEIN wehare EI Sf in Xi IE g Ii go Ipl Xi
This proves the last claim it the statement n

Examples X 4th Mp x pi xu pn Maya etc en elk

so Tpx e Ik 1k IrtishofProp is along 1K II 1 1 39 7
Mp isminimally generated by u elements so demIp x dim Mpmp n

X Ipl Mp Co Oxp Thus
Mpmp2

3of TpX e lol
Using Proposition 1 we can verify this We generate Ix with ex pi xu pu

bj xj Pj us Pj Sij Thus If 41 Ip Xi Xj
TpX 31 x n of 309

X V1f Mp x pi xn P 2 f

TX II ÉYgin Xi ok Php it
Example f x y To x k hasdim2 Tp X MfpIt fo p e hasdim i

din V Ifl 1

These inequalities an no accident Duringthe nextlectures we will prose
Theorem1 dink Tp X s dimpX

Thus a jump in dimensionwill detectsingularities

Definition A point PEX is nonsingular to smooth it demKtpX dumpX
Otherwise it is singular
The variety X is nonsingular toosmooth if all its prints are smooth



Q How do tangentspaces slateunder regularmaps

Proposition2 If f X Y is a regular morphismofvarieties and Pex then

induces a linear map dtp Tpx Ipp t Thisassignment is functional

Proof The morphism ofshares ft Oy fall induces a morphismof

local rings If Oytip Up
hip Yp byIMsin

In him we get a IK linear homomorphism T Mammy Pmp

Takingduals gives a livermap dip Tpx Jpy
4 tot

Claim The assignment f dhp is factorial

Pt lil didp idipy since 4 id T id

121 Consider x I Y 5 Z Then digof p dgapp o dfp
This is so because the way m stalks is functorial a dualizing is also functorial

Lemma2 If Y Ex is a closed variety i Y X is the inclusion then

fr way pet the liver map dip TpY Tpx is injective

Proof Y G X implies i Oy Oy is surjective Thus

4 if i Dxp Dyp is surjective and then so is T

Dualizing the surjective map gives an injection dip TpY TpX
E IoT

Corollary If YE lit is aclosedsubvariety then the imageof the map

dip Jpy Ight'sKh is the embedded tangentspace ofYatp
Q Canwe write dtp in terms of basesof Tpx Tapy given in Proposition 1

Proposition 3 Assume XElam YEH filth tn X Y is apolynomial

map Then dfp TpX I corresponds to the multiplication map 1k 5k

by theJacobianmatrix If in restricted to the embeddedtangentspaces inKhan
Isee Proposition i




