
 
Lecture XXXVII Projective Tangentspaces smoothvarieties

Recall Given X an algebrous variety on I 1K PEX pick Vaffin openwithpt

TpX TpU Mmp Hey Mympe k Mp Up Oup

dinkMPppe minimalnumberofgenerators ofMp in Oxp En it UEA

Name TpX tangent spaceto atp

Proposition It A is an affinevariety pe X then

TpX IEK If 2 up i to LEIN as 1kvector spaces

Murer if I I Cfi its then RHS s EE k ftp.ipyxi o

If is a Y polynomial morphism of affinevarieties then wehave a natural
linear map dfpTpX Top

Y This assignment is functorial It A YEA it
ammes himrestricting J 1km 1K when 51 1 Hail E pll to TpX 1K

Q What if f is regular or national

A Same thing To see this we goto projective space

1 Tangent spaces for projective varieties

Fix EP projective vanity oh I 1k pex Recall I 1 1 Elkixe 3

Definition The projective tangent spaceof at p is the linear saltspacedphon

TpX S IEP Ef IgM j o Thfied
Lemma 1 111TpX is a linear subspace of petpX

R Tp IEP É 3 Ip Xj to where ftp fr are homogenous

polynomials generating IIX
Proof The IRHS is well defined Indeed since f is homogenous so is Ifits degree is degf 9 So

5 Ap d 2 Ip



Hence If If Idp Xj 1 É 2 Ip Xj so the RHS is independent

ofthe choiceof representative for pex

Euler's identity degf f ftp.xjfranyf homogenous confirms

hot pETpX
For thesecondpart note that if f igjtj with Ch Gr as inthe

statement FEIIX is homogenous then we can assume gj's are also homogeneous
The product rule combined with the condition fjlpl otpgin.es

2 IP Xi É É SIP IIP Xi Sjlp EI Iip Xi
This confirms the last claim

Is TpX a new object A It's a translationof theclassicalTpX

Proposition 1 Let EP be a projective variety an PEX Fix it 0 ins
with Pevi A then IT Avi Tp Inui P

SEN In
Proof Without lossof generality we assume i o setp type spu Vonx
I XAVI Fei Xi Xn ft I x homogenous

C 411 i Xn fr ll x Xn

if I IX Cf f where fi f are homogenous

If gix Xn f 11 is xn then
9 pi spn Ff II Pi spn i i n

Euler's identity applied to LEINI homogeneous I p yields
n

44mpal If 2 ftp.i palpi 0

herefore 2 11in pn Ey Pi ftp tl Pi pn for all ffIlX homogeneous

Then ff.li pi Pn7 ttE 4i1hP Pa Xi ftp.lp put Ki Pi

Thus Tp X AU P a pal ftp.lxnui 1k Tp Ui



Corollary1 Fix two projective varieties EP YIP a nationalmap F X Y
givenby n ti homogenous polynomials Fo In ofthe same degree If PEXnDmF

then I induces a linear map dfp IX TapY
Furthermore

117 The map depends solely on I not onthe polynomials representing it

12 If F is binational F is regular at FIP then dfp is an isomorphism
131 The assignment is fundicial

Proof The constructionofdfp follows from theaffine case combinedwith Prop4
Moreprecisely dFp TpX P

m

If IP

If 11 1 Cfi is with gp ng homogenous then

I Tp X
vjdgf.IM

in or IIus Ip 0

If ILY Chi has with hi oh homogeneous then
8 I was

I Tap Y W
ftp.lfip

Akito s

Since FIX EY then half x Fkly o EVKS 9ns
To show dfp TpX Typ Y we only need to antium

Since heof I X is homogeneous the result follows because I ETpX

111 Pick anothertuple 1 F representing F This Ff Fi vanishes on V
whenever defined This Ff Fj Pig when Pie Iix djelkix with

QjIPl o

Then 2fg.tt ipl fffiindjin Pit fffinlgip
p P IN



If I ftp.X we have ftp Iorifjepy p
o o then

IPI E Ui Ipt ie dFp is independentofthe

choiceof tuple
3 The tunctoriality statement follow fromthe affinecase dp4o4 dy dpt12 is a consequenceof the functoriality thefact that the construction is local
TpU TpX TINY TINY if U

2 Smooth Algebraic Varieties

Fix abstractalgebraic variety on K.tk pick PEX
Definition dim X dim xp codinXP

Lemma2 dump yay dimp it pexit if X X U UX is the
inducible decomposition of

Proof We may assume X is affine by working with an openaffine U mX
antaining P By instruction U IX.NU U UlXsnU is the ined

decmp of X extended possibly by s

If Pi IN PEX Mr fifty.ae iff lmp
Since xp has finitedimension a maximal chain realizing dimOxp corresponds

to a maximal chain starting at a minimal prime of xp endingatMp
Since minimalprimes correspond to inedampments of X the result follows

Theorem1 dink TpX dimpX
Thus a jump in dimensionwill detectsingularities

Definition A point PEX is unsingular or regular or smooth it

dam TpX damp



Otherwise wesay p is singular
The variety is unsingular 107smooth if all its prints are smooth

Toprove Theorem 2 we show a more general statement

Proposition 2 For every localring IR M that is thelocalization of a k algebra

of finite type at a prime ideal we have

dim R dink7m
where 1K I RIM
Proof Write R Ap where A Kex a PEA is aprimeideal

Claim1 We can assume A is reduced ie A has a nitpetents

Pf Since localization is exact wehave

Pined And p
when Ared Af F F P And under the projection x ̅ A And

By construction dim Reed dimR anyprime in R contains FEB 7
Mred And p Furthermore exactness gives

Rudland F I ftp nd
kud tk R

m
excitness

In turn Mied 1m To Bred No

dinkMay Uk Mfg dimik Mhz

Thus if the statement is true forRmd Mpeg it is true for IR M

Claim 2 The statement is true for reduced localrings

Pf Since R is induced we can write R Ap where A Kex xD is reduced

In particular A K h X VII 1A affirmvarietybythe Nallstellensatz

Write r dinkMma let 1mi m beast ofgenerators ofM in R
Set mi 9 Rita tie A P Write f fi A P



Since R is reduced f is notnilpotentThus 51 f t EA is multiplicaturelyclosed

By construction PAg is generated by r elements in uh where

mi 9 ifi If i i r

Since Af pA Ap we can replace A by Ag which is a also reduced

f in Ag 7h30 st fka o This f a that o

AFaced
to fr o in Ap

Then R Hpa dim R codima Af Note Af IK Dx1H

PAg is the defining idealof a variety in the quasi affine variety Dx f

Y Up msn.imr ElxldeX4A

SincePAg is prime Y is ineducible ByCorollary3534.1 wehave codingYg er

so demR coding Er


