
 
Lecture XXXIX Smoothness Blow upsofaffinevarieties

Smooth points on varieties

Definition Given an algebraicvariety on KIK wewrite

Xsm SPEX p is asmoothpoint
Lasttime we provedthe following result

Proposition1 Xsm is an open subsetofX

Proofsketch We reduced tothecase where is affine and ineducible with defining ideal

IN 18 f Elkex xn We showed

sm PEX 1 Jac E p Ej hasmaximalrank n d

for d dim X f dimpX for all PEX IRecall n d r

We_know rk 1Jan If pl n d if pex because dimTpX dimX

So the maximal rank condition becomes the non vanishingofatleast oneof the
1hd In d minors of Jas E p with PEX This is an openaudition D

As a consequenceofthe proof we get
Corollary 1Affine Jacobian criterion

Fix A an affine variety on I IK p E X Write Ix Cfi ihr
117 X is smooth at p if andonly if the rank of the rxn Jacobian matrix

Jailk.pt fj1pl iij
is at least n dimp In fact it mustagree with n dimpX
4 If r n rk Jac Ep r then is smooth at p dumpX n r

Proof 11 The rankof the Jacobian matrix is n dimTpX n dimpX

by the proof of Proposition 1
This n demipX n dampX damp dmTpX

12 By Corollary3 34.1 codingXi r componentof In particular

byLemma2 537.2 dimpX n r dimTpX
thees byThoum I 537.1 dumpX dinTpX so p is asmoothpointofX
dumpX n r

Using Proposition I 537.1 weget a projective versionofthe same criterion



Corollary 2 ProjectiveJacobian criterion

Fix P a projectivevariety on KIK PEX Write Ix Cfi ihr
where t f are homogenous

Then X is smooth at p if andonly if the rank of the rant Jacobian matrix

4 Ipl inj
is at least n dimp In fact it mustagree with n dimpX

Not only an EX is open but we have

Theorem1 Xsm EX is not empty Furthermore it is dense in X

Proof It is enough to show this for an inducible quasi affirm variety

Claim 1 We can assume that is affine

PH Write an openaffim coverofthe variety X X U U UUs
Then in AU Wilsm i

If Vitim EU is an empty then so is Xsm
If Uil sun is dense in Ui then Xsm mauil is dense in X

Claim2 We can assume that X is an inducible quasi affine variety

PH By Claim we can assume is affine If X X U Xs is inducible

decomposition then the condition 0 x is a domain it PE X m Proposition

38.17 forces
5

sun I am
a Wj c Xj is open in

g indath

soWj is an inducible quasi affinevariety

Since Wjlsm Wj is open by proposition then Wjlsm would sayWj
dense in Xj Then am Xsm is dense in X

Assume X is ineducible quasi affine To show Xsm it is enough to

show it for any Y ineducible birational tox



By Lemma 1 below wecan picksuch Y to be an ineducible hypersurface inAd

ie Y VIf for sme f Elkly y inducible

In this setting Jan 1 f f has size Ix d its rank is 1 unless

6191 2 17

Thus Ysm 2 f it id

But if dugy.fr di then ff.io or dig di t
Therefore ECG i o ti

This can only happen if char1k p 0 f E KfyP yup

Since I 1K then IK is perfect FelklyP yn is equivalent to the
condition that f gP for some Selkly yn This cannothappen if f is

ineducible D

emma 1 Every ineducible affinevariety on KIK is birational to an inducible hypersuta
in an attine variety ie V14
Proof Fix ineducible affinevariety Consider the function field k.lk X which is a

field extension of K K Furthermore Edgy k dimX d so

Note k isfinitelygenerated on 1K X k Quot KEX K x X

Claim a transcendental basis y yd of k 1K such that the is separable

on 1K1g yd finite i.e this separably generated over 1K
Pf SeeLemma2 below

Pick suchbasis By the Primitive ElementThuram if u Ek s t.k.tk Yn yyd u
Write f min a 1K1g ya K 71 1yd t Then

k 1kg1 half
g

Aftermultiplying a by a suitable non zero elementof 1K1g y we can assume

KEY yd it f is ineducible Then Y V f Adt satisfies

1K ly Quot 1641 72,4 14 Quot 1K191 sn t t k KIX
Thus X Y are binational to eachother by Corollary3511.2



Lemma If K is a perfect field in chalk o is chalk pso KilkP andFlik

is a finitely generated extension thenthere exists a transcendental basis 1 1 as
4 I 11k sit F is separable finite on KIXI Xd
Proof If char1K o thereis nothing todo all extensions an separable Indeed

any transcendental basis 4 1 de of Flik works because Mix xd is

algebrail finitely generated then itmustbe finiteaswell

Next assume charK p 0 wide F 1k x1 Xm We canpickatranscendental

basis for F.lk among hx Xml Upto mordering we assume 3 1 a is such

transcendental basis Furthermore assume sxd.tt are notseparable overthix Xd

whereas Xst Xm are We procede by induction ms
If s o we are done

Otherwise since at is not separable over L FE L t ineducible s t

GEL TP 81 2 17 0

Pick a Kix a stg ufflkfxin.in tP is ineducible Six
Claim ied such that II to
Pf Weargue by contradiction If 0 then SEIkfXP XP to
Since It is perfect 1K 1kt hence g hp with hellfxi _xd t This

cannothappen because g is ineducible

After relabeling the variables we assume i d Thus is algebraic separable

Kix dtiover K1 1 d 11 2 1
sep dy half sep
1Kix Xd

P trans K
l d 1 Xdt

Then hx d i at 4 is a transcendentalbasisfor F 1k

j is sep on 1K ly Xd for j stl is referable oneKix x xa



because I Kix at is reparable Xd is rep over KIX Xd Yat l

Thus swapping d with at produces s t d inseparable variables By
inductive hypothesis we can swapthese elements with some of 3 1 d Xdt to produce

he desired transcendental basis

Now that we know Xsn EX is open dense we can ask

Q canwe find Y variety binational to X X I Y with am DomainofX
an Ysm

A Blow ups are going to help us achieve this if charlk o

52 Blowupsofaffinevarieties on I lK

Throughout we assume X 1H is an affine variety I 1K

Pick fi f E Ix set U X V14 f EX open

Thisdefines a map U P

hix i frix
By construction E is a regular morphism between varieties Note U can be

Consider the graph of f

Em 04 UxP

By Proposition 2 11 525.2 Fe is closed in Ux P but not necessarily in XP

Definition x ̅ Tf XP is called the blowup of at ti hr

Q What are the defining equations of x ̅
A NOT easy A partial listofequations will begivennexttime

Remark We have a natural map x ̅ Ñ we call it theblowupmap
Usually we write it as I x ̅ X

open Y men
Furthermore we can view V Pe x ̅

I U as an open set



In particular if X is inducible with 11 1 481 18s ofdimension d

then we can take U Xsm X V11 fr where 3h shr is the list

of all In d In d mines of Jail p We have Xsm x ̅
Furthermore Xsm becomes dense in x ̅ by the following result
Lemma3 If X is ineducible Vlfi til then x ̅ x is

a binational map with Pf U denseopens in x ̅ X respectively

Proof Since Vlfi fit then U X V16 hr is open non empty

in X But X is ineducible hence U is dense in X

In this case U Py c x ̅ is also open Since PE is dense in x ̅

bydefinition so is U We conclude it x ̅ X is a binational map restricting
to an ismorphism between the denseopens Pg U respectively

Next time we'lldiscuss an important result namely
Theorem The construction of x ̅ depends solely on f fr upto isomorphism


